
Topological states in PEPS

Didier Poilblanc

Topological spin liquids and canonical examples 


PEPS tensor network and algorithms  


Constructing simple topological PEPS spin liquids 

Chiral SL in a simple quantum spin model 



Exotic «spin liquids» 
beyond the 

«order parameter» paradigm

Topological order can also be detected by 
entanglement measures !

* no spontaneous broken symmetry
* no local  order 
* Topological order

X. G. Wen

- Do they exist in materials ? 
in simple models ?

- How to detect them ?

GS degeneracy (depends on topology of space)



Spin-1/2 Heisenberg QAF on the Kagome lattice

Best candidate for “spin liquid” behavior

~S1 · ~S2

1

2

S = 1/2

H =
X
⌦
i,j
↵
Si · Sj

<latexit sha1_base64="PPSOiTZMYaDToNHC60mzzNHT2RI=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCC6mJCLpQKbrpsqK9QBPCZDJpp51cmJkIJeQx3Pgqblwo4rY738ZJG0Fbfxj45j/nMHN+N2ZUSMP40hYWl5ZXVktr5fWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Davtx8JFzQKH+QoJnaAeiH1KUZSWY5+Ur+yRBI4qeXS3iWkx4McrjOoDB/eZw61sBfJn9vA0StG1ZgIzoNZQAUUajj62PIinAQklJghIbqmEUs7RVxSzEhWthJBYoSHqEe6CkMUEGGnk8UyeKgcD/oRVyeUcOL+nkhRIMQocFVngGRfzNZy879aN5H+hZ3SME4kCfH0IT9hUEYwTwl6lBMs2UgBwpyqv0LcRxxhqbIsqxDM2ZXnoXVaNRXfnVVqN0UcJbAPDsARMME5qIE6aIAmwOAJvIA38K49a6/ah/Y5bV3Qipk98Efa+BvBjJ+Y</latexit><latexit sha1_base64="PPSOiTZMYaDToNHC60mzzNHT2RI=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCC6mJCLpQKbrpsqK9QBPCZDJpp51cmJkIJeQx3Pgqblwo4rY738ZJG0Fbfxj45j/nMHN+N2ZUSMP40hYWl5ZXVktr5fWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Davtx8JFzQKH+QoJnaAeiH1KUZSWY5+Ur+yRBI4qeXS3iWkx4McrjOoDB/eZw61sBfJn9vA0StG1ZgIzoNZQAUUajj62PIinAQklJghIbqmEUs7RVxSzEhWthJBYoSHqEe6CkMUEGGnk8UyeKgcD/oRVyeUcOL+nkhRIMQocFVngGRfzNZy879aN5H+hZ3SME4kCfH0IT9hUEYwTwl6lBMs2UgBwpyqv0LcRxxhqbIsqxDM2ZXnoXVaNRXfnVVqN0UcJbAPDsARMME5qIE6aIAmwOAJvIA38K49a6/ah/Y5bV3Qipk98Efa+BvBjJ+Y</latexit><latexit sha1_base64="PPSOiTZMYaDToNHC60mzzNHT2RI=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCC6mJCLpQKbrpsqK9QBPCZDJpp51cmJkIJeQx3Pgqblwo4rY738ZJG0Fbfxj45j/nMHN+N2ZUSMP40hYWl5ZXVktr5fWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Davtx8JFzQKH+QoJnaAeiH1KUZSWY5+Ur+yRBI4qeXS3iWkx4McrjOoDB/eZw61sBfJn9vA0StG1ZgIzoNZQAUUajj62PIinAQklJghIbqmEUs7RVxSzEhWthJBYoSHqEe6CkMUEGGnk8UyeKgcD/oRVyeUcOL+nkhRIMQocFVngGRfzNZy879aN5H+hZ3SME4kCfH0IT9hUEYwTwl6lBMs2UgBwpyqv0LcRxxhqbIsqxDM2ZXnoXVaNRXfnVVqN0UcJbAPDsARMME5qIE6aIAmwOAJvIA38K49a6/ah/Y5bV3Qipk98Efa+BvBjJ+Y</latexit><latexit sha1_base64="PPSOiTZMYaDToNHC60mzzNHT2RI=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCC6mJCLpQKbrpsqK9QBPCZDJpp51cmJkIJeQx3Pgqblwo4rY738ZJG0Fbfxj45j/nMHN+N2ZUSMP40hYWl5ZXVktr5fWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Davtx8JFzQKH+QoJnaAeiH1KUZSWY5+Ur+yRBI4qeXS3iWkx4McrjOoDB/eZw61sBfJn9vA0StG1ZgIzoNZQAUUajj62PIinAQklJghIbqmEUs7RVxSzEhWthJBYoSHqEe6CkMUEGGnk8UyeKgcD/oRVyeUcOL+nkhRIMQocFVngGRfzNZy879aN5H+hZ3SME4kCfH0IT9hUEYwTwl6lBMs2UgBwpyqv0LcRxxhqbIsqxDM2ZXnoXVaNRXfnVVqN0UcJbAPDsARMME5qIE6aIAmwOAJvIA38K49a6/ah/Y5bV3Qipk98Efa+BvBjJ+Y</latexit>



Materials realizing 
a Kagome “spin liquid”

e.g. experiments by C. Broholm (MIT), 
Z. Hiroi (ISSP), P. Mendels (Orsay)...



Rules out gapped SL with 
unique GS

A «toy» “non-trivial” spin liquid: 
the RVB spin liquid

S = 0
spin-1/2 RVB

Equal-weight superposition 
of NN singlet coverings

P. Fazekas and P.W. Anderson 
          Philosophical Magazine 30, 423-440 (1974)

Topological liquid ?

Hasting-Oshikawa-Lieb-Schulz-Mattis theorem



Topological sectors

«even» «odd»
Gv = +1 Gv = �1

s s̄

cylinder geometry



Eigenstates of a «Wilson loop» operator

no vison flux: 

Z2 vison flux: 

+
�

wv = +1

wv = �1

cylinder geometry



s s̄

v v

Gv = +1

Gv = �1

Wv = +1

Wv = �1     same class as
Kitaev’s Toric Code
  (fixed point          )

spin liquid : 
topological GS inserting «spinons» and «visons»

Z2

⇠ = 0

All GS indistinguishable by local measurements



HAKLT =
X

hi,ji

P
Si+Sj=4
ij

S=2... vs «Trivial» insulator

The GS is unique !

The Affleck-Kennedy-Lieb-Tasaki spin liquid



The many-body spectrum 
of a topological liquid 

{

E
Excitations are fractional (created by pairs)

Degeneracy from «topological order»



 Topological order originates from LR entanglement

Use new tools borrowed from quantum information 
based on the concept of entanglement 

              Tensor network methods 

How to capture 
topological order ?



Space of all quantum 

many-body states

GS of local hamiltonians

“weakly entangled”

2N
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Tensor networks ansatze
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ik = 1, · · · , d
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rank-N tensor with        elements dN
<latexit sha1_base64="CkMHIGj2v4zlzGcxPiISkyqR5y4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2A9oY9lsNu3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777aysrq1vbJa2yts7u3v7lYPDto5TRWiLxDxW3QBrypmkLcMMp91EUSwCTjvB+Cb3O09UaRbLBzNJqC/wULKIEWxyKXy8Q4NK1a25M6Bl4hWkCgWag8pXP4xJKqg0hGOte56bGD/DyjDC6bTcTzVNMBnjIe1ZKrGg2s9mt07RqVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpia78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjKdsQvMWXl0m7XvPOa/X7i2rjuoijBMdwAmfgwSU04Baa0AICI3iGV3hzhPPivDsf89YVp5g5gj9wPn8Ab22N1g==</latexit>

(d=2 for spin-1/2)

1D: Matrix product state (MPS)

2D: Projected entangled pair state (PEPS)↵
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A(i) : D ⇥D matrix
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Bond dimension D

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�
<latexit sha1_base64="JQcAzWaAuoYAXQfxggm9zL/KhUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJLajyA=</latexit>

tensorD⌦z
<latexit sha1_base64="fmKfPS5o5BJ9mZ7qbduFIJ1lKxs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LevBYwX5Au5Zsmm1Ds8maZAt16e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJ76zRFVmklxb8Yx9SPcFyxkBBsr+TcPaUcaFlGNnibdYsktuzOgZeJlpAQZat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMyxH3atlRgu8dPZ0dP0IlVeiiUypYwaKb+nkhxpPU4CmxnhM1AL3pT8T+vnZjw0k+ZiBNDBZkvChOOjETTBFCPKUoMH1uCiWL2VkQGWGFibE4FG4K3+PIyaVTK3lm5cndeql5lceThCI7hFDy4gCrcQg3qQOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifP9GMkiE=</latexit>

G. Vidal

I. Cirac

D. Perez-Garcia

F. Verstraete

(modern formulation of DMRG)



Can control the entanglement 

via the bond dimension D!

Area law

B
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Reduced density matrix :

Entanglement entropy :

P. Dirac (1930)
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�A =
⇤

j

�
j|B (|�

⇥�
�|) |j

⇥
B

= TrB �

Sent = �Tr(⇢A ln ⇢A)
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perimeter L 



AKLT state can be represented as 
a Projected Entangled Pair State (PEPS) :

|S
↵
= |01

↵
� |10

↵

D=2 spin-1/2 virtual states

Project onto physical subspace                       :

local tensor

d = 2S + 1



The spin-1/2 RVB can also be written as a PEPS !

(D=3)

Project onto physical subspace S=1/2 (d=2)                        

1/2� 0
virtual states:

PEPS tensor

Z2 gauge symmetry !



Computing observables

⌦
 | 

↵
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How to deal with infinite system ? 


1) finite size scaling : finite PEPS

2) real space RG : iPEPS



«Transfer Matrix»

Build «double layer» tensor network 
by contracting physical variables

if D small enough exact contractions possible... 

Iterate product of TM’s to build infinite cylinder

D2Nv ⇥D2Nv ������

⌦
 | 

↵
= Vleft�

NhVright



Easy formalism to construct all topological GS !

 (+)e

 (�)e

 (+)o

 (�)o

orthogonal in the limit of infinite cylinders
(Nh = 1)

= Z



Finite size scaling of RVB energy

YC16 YC12 YC8   cylinders 

s s̄

v v

Gv = +1

Gv = �1

Wv = +1

Wv = �1

dynamical fluctuations 
of vison/spinon pairs



if  T & P are broken : 
chiral spin liquid

analogs of FQH states

Can this be captured also by
Tensor networks ?

Protected edge modes
described by SU(2)k CFT



Paradigmatic “Abelian chiral spin liquid” 

⌫ =
1

2
 FQHS on a lattice (Kalmeyer-Laughlin, 1987): 

(N=Nsites/2)

• Topological (chiral) states are genuine in the field of the 
Fractional Quantum Hall effect

• Spin analogs on the lattice ?

     Chiral SL (CSL) analogs of FQH states  

1. Abelian CSL analog of Laughlin FQH state 

2. Non-Abelian CSL analogs of non-Abelian FQH 
states (Moore-Read, Read-Rezayi, etc…)

Chiral topological spin liquids



Chiral SL in microscopic spin-1/2 models ?

B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal, S. Trebst, A. W. W. Ludwig
Nature Communications 5, 5137 (2014)

Mott phase of a large-U Hubbard model

0 J�

(Critical ?) SL

Chiral SL
Yin-Chen He, D. N. Sheng, Yan Chen

Shou-Shu Gong, Wei Zhu, D. N. Sheng

Phys. Rev. Lett. 112, 137202 (2014)

Scientific Reports 4, 6317 (2014)

T-invariant H:

Edge modes :  chiral c=1 CFT (SU(2)   WZW)1
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Gi 2 C4v

Simple requirement for a chiral PEPS

Necessary conditions:

reflexion symmetries8

Time-reversed partner

Realized for a PEPS ansatz with the form:

Rx

Ry
Rx+y

Rx�y

Can be implemented from the symmetry of the local tensor A :
A = AR + iAI

A1
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irreps



Simple example : the chiral RVB PEPS

(NN singlets)
Generate NNN singlets

(teleportation)
RVB tensor

Point group sym.:

inherits          gauge symmetryZ2
DP, J. Ignacio Cirac and Norbert Schuch, Phys. Rev. B 91, 224431 (2015)

s-wave
g-wave{

(D=3)1/2� 0virtual states:

DP, Norbert Schuch and Ian Affleck, Phys. Rev. B 93, 174414 (2016) 



BA

«Holographic» framework

Reduced density matrix 

�A = TrB |�
⇥�

�|

bulk

edge?



“Haldane” Conjecture:

Precise correspondence between the entanglement 
spectrum of a FQH system partitioned into two sub-
systems linked by some “edge” and the true sub-system 
spectrum 

Li & Haldane, 2008
Regnault, Bernevig & Haldane, 2009

⇢A = exp(�Hb)

Entanglement Hamiltonian



Basic formula: �A = U⇥2
bU†

isometry: maps 2D onto 1D

“lives” on the boundary

lA = Nh/2

L R

A B

�A L�
L

J. Ignacio Cirac, DP, Norbert Schuch, Frank Verstraete
Phys. Rev. B 83, 245134 (2011)

�2
b

Nh ! 1
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= leading eigenvector of TM 



Transfer Matrix

Build «double layer» 
tensor network 

by contracting physical variables

Leading eigenvector («fixed point») gives Entanglement Spectrum

D2Nv ⇥D2Nv ������

Spectrum of TM provides correlation lengths

=



How to compute       ?    -> leading eigenvector of transfer matrix   �b
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Leading eigenvector �b
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σ2
b = exp(−Hedge

b ) Compare spectrum of       

        to predictions of chiral CFT’s  

Hedge
b



SU(2)1 Entanglement spectrum

WZW SU(2)1  CFT = Luttinger Liquid 
at SU(2)-symmetric point

Even sector Odd sector

Sz 2Sz

etopo = � ln 2/2



Entanglement spectrum

BAbulk

edge
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0 //2 /
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      (a)
even sector
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1
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Nv=8
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Entanglement entropy 

“area” law 

Levin & Wen, 2006

Kitaev & Preskill, 2006

subleading correction to area law:
topological entropy

SVN ⇠ CNv � STE

Sn = � 1

n� 1
Ln{Tr(⇢A)n}

(Renyi)

(Von Neumann) 

SVN = �Tr{⇢A ln ⇢A} �Tr{�2
b ln�

2
b}=



EE of chiral liquid (CFT predictions)

etopo = � ln 2/2

↵(e) ⇠ � c
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↵(o) ⇠ 1

4
� c
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Renyi:

Von Neumann 

Levin & Wen, 2006

Kitaev & Preskill, 2006



EE of square chiral RVB liquid (PEPS)



Parent hamiltonian of non-Abelian (bosonic) 
Moore-Read CSL  (I)

Bosonic Moore-Read Pfaffian state at ν = 1 (q = 1)

non-Abelian anyons : σ × σ = 1 + Ψ
like Kitaev’s honeycomb non-Abelian phase

Can be written as CFT correlator of primary fields of SU(2)2 CFT

Spin-1 singlet wave function

I. Glasser, I. Cirac, G. Sierra & A. Nielsen  (2015)



Spin-1 chiral HAFM

J1 = 1 J2 = 0.623 K1 = − 0.176 K2 = 0.323 Kc = 0.464
optimize overlap ⟨ΨGS |ΨMR⟩

Parent Hamiltonian is long range : truncation needed !

Parent hamiltonian of non-Abelian 
Moore-Read CSL  (II)



iPEPS method (I)
CTMRG

• Environment constructed by renormalization 
of the corner transfer matrix  (CTM)

T. Nishino & K. Okunichi,  J. Phys. Soc. J. 65, 891 (1996)
R. Orus & G. Vidal, Phys. Rev. B 80, 094403 (2009)

⟨ΨPEPS |H□ |ΨPEPS⟩

=

χ

Infinite lattice
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CTM Renormalization Group algorithm

Isometry �⇥ �D2
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SVD decomposition : 

keep      largest weights   �
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Renormalize the edge tensor



* virtual space
* Irreps of point group
    (C4v for square lattice)

A = AR + iAIChiral PEPS ansatz:

General construction using
a classification of SU(2)-invariant PEPS

M. Mambrini, R. Orus & DP, Phys. Rev. B 94, 205124 (2016) 

AR =
X

↵

�↵A
(A1)
↵ AI =

X

�

��A
(A2)
�



iPEPS method (II)
Variational optimization 

L. Vanderstraeten, J. Haegeman, P. Corboz, F. Verstraete, 
Phys. Rev. B 94, 155123 (2016)

DP & M. Mambrini, Phys. Rev. B 96, 014414 (2017)

• Variational optimisation scheme based on a 
conjugate gradient method

DP, Phys. Rev. B 96, 121118 (2017)

E{�↵, ��} =
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How to compute       ?    -> leading eigenvector of transfer matrix 

constructed directly from the T environment tensor   

�b
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Leading eigenvector

from a ring of T tensors �b
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σ2
b = exp(−Hedge

b ) Compare spectrum of       

        to predictions of chiral CFT’s  

Hedge
b



Conformal tower of SU(2)2 CFT 

Central charge c=3/2
Majorana (Ising) + boson

Conformal tower:



Entanglement spectrum
for spin-1 CSL

even odd

“tower of states” 
of chiral SU(2)2 CFT

&   c~1.5 

non-Abelian
Moore-Read

Chiral SL



Conclusions

•Tensor network techniques in general, PEPS in particular, are 
promising conceptual framework and numerical tool for 
correlated systems in 2D

•PEPS can be generalized to fermions, SU(N) symetries, etc…

• Ideal framework to investigate systems with topological order
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