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Part 2: Hydrodynamics of the composite fermions, “emergent 
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 Fractional quantum Hall effect 
and field-theoretic dualities
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• Fractional quantum Hall effect

• Composite fermion

• Duality



The quantum Hall effect



The microscopic theory of 
the quantum Hall effect
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2D electrons in a magnetic field

At the microscopic level: a known Hamiltonian

+ impurities





Landau levels and IQHE

• Ignore interactions between electrons

• Energy levels of charged particle in magnetic field in 2D: 
Landau levels

• When some Landau level fully occupied: integer quantum 
Hall effect (IQHE) von Klitzing et al 1980



Landau levels and IQHE

• Ignore interactions between electrons

• Energy levels of charged particle in magnetic field in 2D: 
Landau levels

• When some Landau level fully occupied: integer quantum 
Hall effect (IQHE) von Klitzing et al 1980
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The fractional quantum Hall effect (FQHE)
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The fractional quantum Hall effect (FQHE)
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The fractional quantum Hall effect (FQHE)

• without interaction: large ground-state degeneracy
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The fractional quantum Hall effect (FQHE)
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• Interactions are essential for determining the ground 
state

• gapped at nu=1/3, ungapped at nu=1/2
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• First successful theory: Laughlin’s wave function

• Can explain ν=1/3 and ν=1/5 plateaus

• but to explain the other plateaus one needs a new 
idea

• A quasiparticle: composite fermion (CF)



modulates the effective magnetic field B! experienced by
the CFs in the vicinity of ν ¼ 1=2. The modulated magnetic
field leads to commensurability oscillations, seen in Fig. 1,
flanked by shoulders of higher resistivity [9–14]. The
resistance minima appear at the well-established magnetic
commensurability condition: 2R!

C=a ¼ iþ 1=4, where
i ¼ 1; 2; 3;…; a is the period of the modulation, R!

C ¼
ℏk!F=eB

! is the CF cyclotron radius, k!F ¼
ffiffiffiffiffiffiffiffiffiffi
4πn!

p
is the CF

Fermi wave vector, and n! is the CF density [9–14]. If
we assume that n! is equal to the 2D electron density n on
both sides of ν ¼ 1=2, the above commensurability con-
dition predicts resistance minima at effective fields B!

i ¼
$½2ℏ

ffiffiffiffiffiffiffiffiffiffi
4πn!

p
&=½eaðiþ 1=4Þ& that are symmetric around

B! ¼ 0 (i.e., around B1=2). These B!
i , which are marked

with solid vertical lines labeled i ¼ 1; 2; 3 in Fig. 1,
agree with the experimental data for B > B1=2, especially
for i ¼ 1 where the deepest minimum is seen. The
commensurability minima for B < B1=2, however, appear
to the right of the expected values, as is clearly seen in
Fig. 1(b).
On the other hand, if we assume that, for B < B1=2, CFs

in the LLL are formed by the minority carriers, i.e., holes,
the commensurability condition predicts the dashed vertical
lines in Fig. 1(b), which show better agreement with the
experimental data. We elaborate on these observations in
the remainder of the Letter. We emphasize that the field
positions of the FQHSs we observe in the same sample
are quite consistent with those expected based on the filling
factors and the 2D electron density, as seen by the vertical
dotted lines in Fig. 1(a) [17]. This is true for the FQHSs
observed on both sides of ν ¼ 1=2.

Under the assumption that the density of CFs is equal to
the density of the minority carriers in the LLL [see insets to
Fig. 1(b)], the expected B!

i for CF commensurability for
B > B1=2 are the same as before because the minority carrier
density equals n. For B < B1=2, however, according to our
assumption, the CF density is equal to the density of holes in
the LLL: n! ¼ ð1 − ν=νÞn. Using this n! in the CF com-
mensurability condition leads to a quadratic equation for the
expected positions B!0

i of the commensurability minima
whose relevant solution can be approximated as B!0

i ≃ B!
i þ

B!2
i =B1=2 [18]. In this expression, we are giving B!0

i in terms
of B!

i for the case when n! ¼ n. The expression for B!0
i

implies that, for B < B1=2, the minima should be seen closer
to B1=2 by ≃B!2

i =B1=2. The calculated values of B!0
i for i ¼

1; 2; 3 are shown in Fig. 1(b) with vertical dashed lines, and
are in good agreement with the B < B1=2 experimental data.
Having established a possible explanation for the asym-

metry in the positions of the CF commensurability resis-
tance minima, we now consider data from samples with
different parameters. In Fig. 2, we show data from four
2DES samples. Their density, QW width, and modulation
period are given next to each trace, and the expected
positions of the CF commensurability minima are indicated
with vertical solid and dashed lines. The observed positions
of the minima in all traces show an asymmetry, which is
well captured by the minority density model. In the
a ¼ 400 nm trace, the minima appear very close to
ν ¼ 1=2 and are nearly symmetric, as are the predicted
positions from both models.
The asymmetry of the CF commensurability minima is

not unique to 2DESs. It persists in 2DHSs whose data are
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FIG. 1 (color online). (a) Magnetoresistance trace for a 2DES with density n ¼ 1.74 × 1011 cm−2 and subjected to a periodic potential
modulation, exhibiting strong CF commensurability oscillations near ν ¼ 1=2. The inset schematically shows the commensurability
condition of the quasiclassical CF cyclotron orbits, marked as i ¼ 1, 2, and 3, with a periodic potential modulation. Dotted vertical lines
mark the expected positions of the FQHSs, based on the 2D electron density. (b) The CF commensurability oscillations are shown in
greater detail. Vertical solid lines mark the expected positions of the resistance minima when the CF density (n!) is assumed to be equal
to the electron density; these positions are symmetric about ν ¼ 1=2. If n! equals the minority density, then the expected positions for the
B < B1=2 side are those shown with dashed vertical lines. The schematic insets indicate the basis of the CF minority density model
which assumes that CFs are formed by the minority carriers in the LLL (hatched parts of the broadened level).
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When ν approaches 1/2, a quasiparticle appears which moves 
practically in straight line
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commensurability condition: 2R!
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Fermi wave vector, and n! is the CF density [9–14]. If
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i , which are marked

with solid vertical lines labeled i ¼ 1; 2; 3 in Fig. 1,
agree with the experimental data for B > B1=2, especially
for i ¼ 1 where the deepest minimum is seen. The
commensurability minima for B < B1=2, however, appear
to the right of the expected values, as is clearly seen in
Fig. 1(b).
On the other hand, if we assume that, for B < B1=2, CFs

in the LLL are formed by the minority carriers, i.e., holes,
the commensurability condition predicts the dashed vertical
lines in Fig. 1(b), which show better agreement with the
experimental data. We elaborate on these observations in
the remainder of the Letter. We emphasize that the field
positions of the FQHSs we observe in the same sample
are quite consistent with those expected based on the filling
factors and the 2D electron density, as seen by the vertical
dotted lines in Fig. 1(a) [17]. This is true for the FQHSs
observed on both sides of ν ¼ 1=2.

Under the assumption that the density of CFs is equal to
the density of the minority carriers in the LLL [see insets to
Fig. 1(b)], the expected B!

i for CF commensurability for
B > B1=2 are the same as before because the minority carrier
density equals n. For B < B1=2, however, according to our
assumption, the CF density is equal to the density of holes in
the LLL: n! ¼ ð1 − ν=νÞn. Using this n! in the CF com-
mensurability condition leads to a quadratic equation for the
expected positions B!0

i of the commensurability minima
whose relevant solution can be approximated as B!0
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i =B1=2 [18]. In this expression, we are giving B!0

i in terms
of B!

i for the case when n! ¼ n. The expression for B!0
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implies that, for B < B1=2, the minima should be seen closer
to B1=2 by ≃B!2

i =B1=2. The calculated values of B!0
i for i ¼

1; 2; 3 are shown in Fig. 1(b) with vertical dashed lines, and
are in good agreement with the B < B1=2 experimental data.
Having established a possible explanation for the asym-

metry in the positions of the CF commensurability resis-
tance minima, we now consider data from samples with
different parameters. In Fig. 2, we show data from four
2DES samples. Their density, QW width, and modulation
period are given next to each trace, and the expected
positions of the CF commensurability minima are indicated
with vertical solid and dashed lines. The observed positions
of the minima in all traces show an asymmetry, which is
well captured by the minority density model. In the
a ¼ 400 nm trace, the minima appear very close to
ν ¼ 1=2 and are nearly symmetric, as are the predicted
positions from both models.
The asymmetry of the CF commensurability minima is

not unique to 2DESs. It persists in 2DHSs whose data are
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FIG. 1 (color online). (a) Magnetoresistance trace for a 2DES with density n ¼ 1.74 × 1011 cm−2 and subjected to a periodic potential
modulation, exhibiting strong CF commensurability oscillations near ν ¼ 1=2. The inset schematically shows the commensurability
condition of the quasiclassical CF cyclotron orbits, marked as i ¼ 1, 2, and 3, with a periodic potential modulation. Dotted vertical lines
mark the expected positions of the FQHSs, based on the 2D electron density. (b) The CF commensurability oscillations are shown in
greater detail. Vertical solid lines mark the expected positions of the resistance minima when the CF density (n!) is assumed to be equal
to the electron density; these positions are symmetric about ν ¼ 1=2. If n! equals the minority density, then the expected positions for the
B < B1=2 side are those shown with dashed vertical lines. The schematic insets indicate the basis of the CF minority density model
which assumes that CFs are formed by the minority carriers in the LLL (hatched parts of the broadened level).
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When ν approaches 1/2, a quasiparticle appears which moves 
practically in straight line

What is the nature of this quasiparticle?



Composite fermion

• The standard picture: the quasiparticle is a 
“composite fermion” = electron + 2 flux quanta
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Halperin Lee Read ~ 1990
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Flux attachment
Jain, Lopez Fradkin, Ovchinnikov, 
Halperin Lee Read ~ 1990



CF CF

CF

No left-over magnetic field: CFs move in straight line

Flux attachment
Jain, Lopez Fradkin, Ovchinnikov, 
Halperin Lee Read ~ 1990



• The ideas of flux attachment and composite 
fermion has been formalized into a field theory 
framework (Halperin-Lee-Read, or HLR, theory)

• very successful phenomenologically

• The composite fermion in this picture is not very 
different from a standard quasiparticle in 
condensed matter physics

• an electron, “dressed” with two magnetic flux 
quanta



HLR field theory

mean field: 

L = i †(@0 � iA0 + ia0) � 1

2m
|(@i � iAi + iai) |2 +

1

2

1

4⇡
✏µ⌫�aµ@⌫a�

b = r⇥ a = 2⇥ 2⇡ † 

Be↵ = B � b = B � 4⇡n

“flux attachment”

⌫ =
1

2
Be↵ = 0

low-energy dof: ψ excitations near Fermi surface



• For a long time it was thought that the HLR theory  
gives the correct low-energy effective theory

• There is one crucial problem



The problem of 
particle-hole symmetry



Particle-hole symmetry

PH symmetry

exact symmetry the Hamiltonian on the LLL, when mixing 
of higher LLs negligible 

⌫ ! 1� ⌫

⇥|emptyi = |fulli

⇥c†k⇥
�1 = ck

⇥ i⇥�1 = �i

⌫ = 1/2
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maps to itself



Half empty = half full

wikipedia.org



The problem

• Standard composite fermion theory attaches fluxes 
to particles, not holes, and does not have particle-
hole symmetry

• thus it cannot be a correct low-energy description 
of the half-filled Landau level



Puzzle

• Particle-hole symmetry has been a puzzle in quantum 
Hall physics

• Composite fermion exists

• standard picture: CF = a type of “dressed electrons”

• but cannot be at the same time a “dressed hole”

• New idea from ~ 2015: use particle-vortex duality



Resolution of the problem 
of particle-hole symmetry



Bosonic particle-vortex duality

Peskin 1978; Dasgupta, Halperin 1981

2+1 dim



Bosonic particle-vortex duality

Peskin 1978; Dasgupta, Halperin 1981
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particle vortexm2 > 0
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• Idea: electron and composite fermion are particle-
vortex dual of each other



Fermionic particle-vortex duality

L = i ̄e�
µ(@µ � iAµ) e

Theory 1:

L = i ̄�µ(@µ � iaµ) � 1

4⇡
✏µ⌫�Aµ@⌫a�Theory 2:

DTS; Metlitski, Vishwanath; Wang, Senthil 2015

Conjecture:  free fermion = “QED” in 2+1 D

emergent U(1) gauge field

Theory 1 𝜓e Theory 2 𝜓

magnetic field density

density magnetic field

physical EM field



Particle-vortex duality
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Theory 1 in magnetic field
zero charge density

Theory 2 at finite density
and zero magnetic field

Half-filled Landau level Fermi liquid

𝜓e = electrons 𝜓 = “composite fermion”

0



Dirac composite fermion

• Thus the quasiparticle of the half-filled Landau level is 
a Dirac fermion, not a nonrelativistic fermion as in 
the old HLR theory

• This is not the first time Dirac fermion has appeared 
in condensed matter physics: the most well-known 
case is graphene

wikipedia. uminho



What is strange about the 
Dirac composite fermion

• Density of composite fermions = 1/2 the number 
of magnetic flux quanta

• or nCF = (ne + nh)/2

• in contrast to HLR theory: nCF = ne

• conceptually not “dressing an electron”



• Some distinctive predictions of Dirac composite 
fermion theory

• The PH-Pfaffian phase



Consequences of Dirac CF

Suppression of Friedel oscillations in correlations of 
particle-hole symmetric observables

Geraedts, Zaletel, Mong, Metlitsky, 
Vishwanath, Montrunich, 2015

Ô = (⇢� ⇢0)r2⇢

Direct evidence of Berry phase π of the composite fermion

One characteristics of Fermi surface is Friedel oscillations

hO(x)O(0)i ⇠ |x|↵e2ikF x
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observed in numerics



A new gapped state

• The composite fermions can form Cooper pairs

• Simplest pairing does not break particle-hole 
symmetry 

• Leads to a new state: PH-Pfaffian

• May be the observed nu=5/2 quantum Hall plateau 
Banerjee et al. Nature 2018 

h✏↵� ↵ �i 6= 0



ARTICLE RESEARCH

T0 = 30 mK. Such dependence on the temperature is expected because 
it is tied directly with the temperature dependence of the equilibra-
tion length (see methods in ref. 26). The presence of neutral modes in 
ν = 8/3 and in ν = 5/2 was also verified (see Extended Data Fig. 6).

In Fig. 3 we show raw data for the two neighbouring states near 
ν = 5/2 without any data manipulation (such as the subtraction proce-
dure or taking into account the phonon contribution). The total heat 
dissipation for N = 4 is plotted in Fig. 3b as a function of Tm

2 . For the 
ν = 7/3 state, a deviation from K1 = κ0 for a single charge mode 
(namely, K7/3 = 3κ0 in each arm) becomes evident when the tempera-
ture approaches about 30 mK, which is clearly due to the phonon con-
tribution. Yet, for the ν = 8/3 state, the deviation from the expected 
total thermal conductance of 8κ0 (for four arms) is more apparent. 
Here, the non-equilibrated heat transport, combined with additional 
bulk transport (because Rxx > 0), contributes to a larger deviation of 
the thermal conductance.

In Fig. 4 we summarize the normalized thermal conductance coef-
ficient of the ν = 5/2 state. We plot K/κ0 at different temperatures 
(12–25 mK) and at three filling factors (on the ν = 5/2 conductance 
plateau). Seventeen measurements were performed with the device 
temperature cycled three times to room temperature, thus allowing 
for different microscopic configurations of the ionized charges. A sat-
uration of the normalized thermal conductance K5/2 = (2.53 ± 0.04)κ0 
is observed in the temperature range T0 = 18–25 mK. The thermal con-
ductance increases when the temperature is ≤15 mK. Such dependence 
is attributed to the increased equilibration length among the counter- 
propagating modes at lower temperatures (see the next section and 
Methods). In Fig. 5 we have summarized some of the more likely edge 
structures of possible orders that may describe the ν = 5/2 state, as well 
as their equilibrated K/κ0 values.

Discussion and conclusions
Composite fermions and the K-matrix formalism provide a powerful 
framework for the understanding of the fractional quantum Hall effect 
in the lowest Landau level. Almost all the quantum Hall states in the 
lowest Landau level are believed to be integer quantum Hall liquids of 
composite fermions32. Our recent results on thermal transport in the 
lowest Landau level strongly support that picture26. The first excited 
Landau level poses a greater challenge. The nature of the ν = 5/2 and 
ν = 12/5 states has long been a puzzle. Competing proposals have also 

been made for the ν = 7/3 and ν = 8/3 states33,34; however, past31,35 and 
present results prove that these two states are compatible with compos-
ite fermion liquids, similar to those at ν = 1/3 and ν = 2/3.

We now discuss our measurement results and their implications. 
In this study and in our previous work26, the results agree well with 
theoretical predictions36, with a level of precision of about 1% (in suf-
ficiently long samples). Two of the states require further elaboration. 
For the ν = 2/3 state, theory predicts a thermal Hall conductance that 
scales like 1/L (with L being the system size), with a proportionality 
constant that decreases with temperature (see methods in ref. 26). Our 
measurements are compatible with this expectation. For the ν = 8/3 
state, we observed a thermal Hall conductance exceeding the expected 
one by about 10%, which we also attribute to partial equilibration of 
counter-propagating edge modes and the finite Rxx of this state. When 
examining the case of ν = 5/2, these results give confidence in our 
experimental setup and analysis.

For the ν = 5/2 state, taking our findings of K5/2 = 2.5κ0 at face 
value, the results are compatible with the topological order of the 
particle–hole Pfaffian liquid18,19. On the basis of common theoretical 
understanding, the fractional value of K implies that the ν = 5/2 state is 
non-Abelian. The identification of this topological order is rather sur-
prising, in view of the numerical works that predicted the Pfaffian and 
anti-Pfaffian topological orders as leading candidates. This discrepancy 
may be reconciled by models that include disorder37–39.

There may be factors that would cause the measured thermal Hall 
conductance to be different from that imposed by the bulk topological 
order. Of these, we note the lack of equilibration of counter-propagat-
ing edge modes and leakage of heat to the bulk either due to longi-
tudinal electronic thermal conductance or due to phonons. We were 
able to quantify the phonons’ contribution and ascertain that it is small 
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Fig. 4 | Summary of the normalized thermal conductance coefficient 
results for ν = 5/2. Plotted is the average K/κ0 as a function of the 
temperature at three different fillings on the ν = 5/2 GH conductance 
plateau. A clear tendency of increased thermal conductance at lower 
temperatures is visible. Such dependence is attributed to the increased 
equilibration length (among downstream and upstream modes) at lower 
temperatures (see ref. 26 for a similar behaviour of the ν = 2/3 state). 
Seventeen measurements were conducted, with K/κ0 falling in the range 
K/κ0 = (2.53 ± 0.04)κ0 at electron base temperatures of T0 = 18–25 mK, 
where most of the data points were taken.

SU(2)2 K/N0 = 4.5

331 K/N0 = 4

Pfaffian K/N0�= 3.5

K = 8 K/N0�= 3

PH-Pfaffian K/N0�= 2.5

113 K/N0�= 2

A-Pfaffian K/N0�= 1.5

A-331 K/N0�= 1

A-SU(2)2 K/N0�= 0.5

Integer, e, N = 1

Fraction, e/4, N�= 1

Neutral mode, 0, N = 1

Majorana mode, 0, N = 0.5

Q = 2

Fig. 5 | Possible orders predicted for the ν = 5/2 state. Edge-mode 
structure of the leading candidates for the many-body state of a fractional 
quantum Hall ν = 5/2 liquid: Pfaffian, anti-Pfaffian (A-Pfaffian) and 
particle–hole Pfaffian (PH-Pfaffian) topological orders and the SU(2)2, 
K = 8, 331 and 113 liquids (‘A’ stands for ‘anti’). Their expected quantized 
thermal Hall conductance, KT, in units of κ0T are also shown. A right-
pointing double-line arrow denotes a downstream edge mode of a fermion 
with charge e* = e, contributing Hall conductivity GH = e2/h and K/κ0 = 1. 
Right- and left-pointing solid-line arrows denote a downstream and an 
upstream fractional charge mode, respectively, contributing 0.5GH =  
e2/(2h) and K/κ0 = 1. The wavy line denotes a fermionic neutral mode 
with zero charge and K/κ0 = 1, and the dashed line denotes a Majorana 
mode with zero charge and K/κ0 = 1/2. A neutral mode with K/κ0 = 1 
is physically equivalent to two Majorana modes. The left (right) part of 
the figure depicts the Abelian (non-Abelian) states with an integer (half-
integer) K/κ0. For all states, the lowest Landau level is fully occupied, as 
shown by the two downstream fermions (the two black right-pointing 
double-line arrows in the top left part of the figure). The ν = 5/2 state can 
be constructed in a particle-like manner, starting from ν = 2 and adding 
fractional, neutral, or Majorana modes, or in a hole-like fashion, starting 
from ν = 3 and adding modes moving in opposite directions (for example, 
see the third column of the anti-Pfaffian phase). The final state of the edge 
modes, after full equilibration, is depicted in the right-most column of 
each row. The green line divides the particle-like and hole-like states.
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Topological states of matter are characterized by topological invariants, which are physical quantities whose values are 
quantized and do not depend on the details of the system (such as its shape, size and impurities). Of these quantities, 
the easiest to probe is the electrical Hall conductance, and fractional values (in units of e2/h, where e is the electronic 
charge and h is the Planck constant) of this quantity attest to topologically ordered states, which carry quasiparticles with 
fractional charge and anyonic statistics. Another topological invariant is the thermal Hall conductance, which is harder 
to measure. For the quantized thermal Hall conductance, a fractional value in units of κ0 (κ0 = π2kB

2/(3h), where kB is 
the Boltzmann constant) proves that the state of matter is non-Abelian. Such non-Abelian states lead to ground-state 
degeneracy and perform topological unitary transformations when braided, which can be useful for topological quantum 
computation. Here we report measurements of the thermal Hall conductance of several quantum Hall states in the first 
excited Landau level and find that the thermal Hall conductance of the 5/2 state is compatible with a half-integer value 
of 2.5κ0, demonstrating its non-Abelian nature.

The even-denominator fractional quantum Hall state in the first excited 
Landau level at a bulk filling factor of ν = 5/2 has been a subject of 
extensive research for the past thirty years1. After its first observation2, 
it was suggested that this state might be a manifestation of supercon-
ducting-like condensation of composite fermions in a zero effective 
magnetic field3–5. Furthermore, it was predicted that the state car-
ries quasiparticles whose mutual exchange statistics is non-Abelian3. 
Consequently, the ground state of several quasiparticles remains degen-
erate even at their fixed positions; hence, such states are attractive for 
topological quantum computing1. Yet, this prediction has been hard 
to test experimentally because relatively easily accessible experimental 
probes, such as electric response functions, do not reflect the topolog-
ical order of the state. Even after the demonstration of the state’s quasi-
particle charge6,7 being e* = e/4 and the observation of a topologically 
protected upstream-propagating neutral mode8, a family of possible 
orders are still viable candidates for the ν = 5/2 state. However, the  
thermal Hall conductance may distinguish Abelian from non- 
Abelian states because it is quantized to an integer value of κ0T, where 
T is the temperature, for the former and a half-integer value for the 
latter5. Furthermore, its precise value distinguishes between different 
candidate orders. Here, we report an observation compatible with such 
half-integer quantization.

Background
It is worth giving a brief summary of the different orders predicted for 
this state. Numerical work lent support9–11 to the non-Abelian Pfaffian3 
and anti-Pfaffian topological orders12,13. Among the other possible 
states are the SU(2)2, the K = 8, 331 and 113 liquids, as well as their 
particle–hole conjugates14–17. A non-Abelian particle–hole Pfaffian 
order13,18–21 with the wave function described in ref. 19 was interpreted 
in terms of Dirac composite fermions18. Although the naming of these 
states does not follow any particular methodology, a wire construction 
organizes them in terms of their thermal Hall conductance, introduces 
possible generalizations, for which the thermal Hall conductance may 
be any arbitrary integer or half-integer multiple22 of κ0T, and identifies 

their edge structure (see below). Our goal is to determine the experi-
mentally relevant order from thermal transport.

The thermal Hall conductance is defined in a two-terminal measure-
ment as gQ = dJQ/dT = KT, with JQ being the heat current (in watts) and 
K the thermal conductance coefficient. This highly important charac-
teristic of the system has a maximal value for one-dimensional ballistic 
channels, with K = κ0. The thermal Hall conductance is independent 
of the charge and the exchange statistics of the heat-carrying particles. 
This quantum limit has been experimentally realized for bosons23,24, 
fermions25 and recently for a strongly interacting system—the lowest 
Landau level in the fractional quantum Hall effect (with fractionally 
charged quasiparticles)26. In the latter study26 it was shown that in the 
presence of counter-propagating one-dimensional modes and in the 
limit of a long propagation length, the thermal conductance reflects the 
net number of topological chiral modes (the number of downstream 
modes minus the number of upstream modes), as predicted by the K 
matrix in the bulk27.

Among the possible topological orders for the ν = 5/2 state16, 
the non-Abelian candidates are predicted to conduct n + 1/2 
(n = 0, 1, …, 4) units of the quantized heat, JQ, whereas for Abelian 
states the 1/2 is missing. The term 1/2 originates from a neutral edge 
mode (it can be downstream or upstream) whose central charge is one-
half. This mode may be viewed as a Majorana chiral edge mode of a 
superconductor of composite fermions. Moreover, each of the proposed 
non-Abelian topological orders has a different n, implying a different 
fractional quantized thermal conductance, gQ. Hence, measuring the 
heat conductance of the equilibrated ν = 5/2 fractional state may deter-
mine the nature of the topological order. Our measurement results are 
compatible with K ≈ 2.5κ0.

Experimental details
Our experimental setup, with its ‘heart’ shown in Fig. 1a, is similar in 
principle to our previously studied configuration26 (see Methods). The 
two-dimensional electron gas is structured in the form of four sepa-
rated arms (formed by chemical etching), with a small floating reservoir 
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T0 = 30 mK. Such dependence on the temperature is expected because 
it is tied directly with the temperature dependence of the equilibra-
tion length (see methods in ref. 26). The presence of neutral modes in 
ν = 8/3 and in ν = 5/2 was also verified (see Extended Data Fig. 6).

In Fig. 3 we show raw data for the two neighbouring states near 
ν = 5/2 without any data manipulation (such as the subtraction proce-
dure or taking into account the phonon contribution). The total heat 
dissipation for N = 4 is plotted in Fig. 3b as a function of Tm

2 . For the 
ν = 7/3 state, a deviation from K1 = κ0 for a single charge mode 
(namely, K7/3 = 3κ0 in each arm) becomes evident when the tempera-
ture approaches about 30 mK, which is clearly due to the phonon con-
tribution. Yet, for the ν = 8/3 state, the deviation from the expected 
total thermal conductance of 8κ0 (for four arms) is more apparent. 
Here, the non-equilibrated heat transport, combined with additional 
bulk transport (because Rxx > 0), contributes to a larger deviation of 
the thermal conductance.

In Fig. 4 we summarize the normalized thermal conductance coef-
ficient of the ν = 5/2 state. We plot K/κ0 at different temperatures 
(12–25 mK) and at three filling factors (on the ν = 5/2 conductance 
plateau). Seventeen measurements were performed with the device 
temperature cycled three times to room temperature, thus allowing 
for different microscopic configurations of the ionized charges. A sat-
uration of the normalized thermal conductance K5/2 = (2.53 ± 0.04)κ0 
is observed in the temperature range T0 = 18–25 mK. The thermal con-
ductance increases when the temperature is ≤15 mK. Such dependence 
is attributed to the increased equilibration length among the counter- 
propagating modes at lower temperatures (see the next section and 
Methods). In Fig. 5 we have summarized some of the more likely edge 
structures of possible orders that may describe the ν = 5/2 state, as well 
as their equilibrated K/κ0 values.

Discussion and conclusions
Composite fermions and the K-matrix formalism provide a powerful 
framework for the understanding of the fractional quantum Hall effect 
in the lowest Landau level. Almost all the quantum Hall states in the 
lowest Landau level are believed to be integer quantum Hall liquids of 
composite fermions32. Our recent results on thermal transport in the 
lowest Landau level strongly support that picture26. The first excited 
Landau level poses a greater challenge. The nature of the ν = 5/2 and 
ν = 12/5 states has long been a puzzle. Competing proposals have also 

been made for the ν = 7/3 and ν = 8/3 states33,34; however, past31,35 and 
present results prove that these two states are compatible with compos-
ite fermion liquids, similar to those at ν = 1/3 and ν = 2/3.

We now discuss our measurement results and their implications. 
In this study and in our previous work26, the results agree well with 
theoretical predictions36, with a level of precision of about 1% (in suf-
ficiently long samples). Two of the states require further elaboration. 
For the ν = 2/3 state, theory predicts a thermal Hall conductance that 
scales like 1/L (with L being the system size), with a proportionality 
constant that decreases with temperature (see methods in ref. 26). Our 
measurements are compatible with this expectation. For the ν = 8/3 
state, we observed a thermal Hall conductance exceeding the expected 
one by about 10%, which we also attribute to partial equilibration of 
counter-propagating edge modes and the finite Rxx of this state. When 
examining the case of ν = 5/2, these results give confidence in our 
experimental setup and analysis.

For the ν = 5/2 state, taking our findings of K5/2 = 2.5κ0 at face 
value, the results are compatible with the topological order of the 
particle–hole Pfaffian liquid18,19. On the basis of common theoretical 
understanding, the fractional value of K implies that the ν = 5/2 state is 
non-Abelian. The identification of this topological order is rather sur-
prising, in view of the numerical works that predicted the Pfaffian and 
anti-Pfaffian topological orders as leading candidates. This discrepancy 
may be reconciled by models that include disorder37–39.

There may be factors that would cause the measured thermal Hall 
conductance to be different from that imposed by the bulk topological 
order. Of these, we note the lack of equilibration of counter-propagat-
ing edge modes and leakage of heat to the bulk either due to longi-
tudinal electronic thermal conductance or due to phonons. We were 
able to quantify the phonons’ contribution and ascertain that it is small 
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Fig. 4 | Summary of the normalized thermal conductance coefficient 
results for ν = 5/2. Plotted is the average K/κ0 as a function of the 
temperature at three different fillings on the ν = 5/2 GH conductance 
plateau. A clear tendency of increased thermal conductance at lower 
temperatures is visible. Such dependence is attributed to the increased 
equilibration length (among downstream and upstream modes) at lower 
temperatures (see ref. 26 for a similar behaviour of the ν = 2/3 state). 
Seventeen measurements were conducted, with K/κ0 falling in the range 
K/κ0 = (2.53 ± 0.04)κ0 at electron base temperatures of T0 = 18–25 mK, 
where most of the data points were taken.
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Fig. 5 | Possible orders predicted for the ν = 5/2 state. Edge-mode 
structure of the leading candidates for the many-body state of a fractional 
quantum Hall ν = 5/2 liquid: Pfaffian, anti-Pfaffian (A-Pfaffian) and 
particle–hole Pfaffian (PH-Pfaffian) topological orders and the SU(2)2, 
K = 8, 331 and 113 liquids (‘A’ stands for ‘anti’). Their expected quantized 
thermal Hall conductance, KT, in units of κ0T are also shown. A right-
pointing double-line arrow denotes a downstream edge mode of a fermion 
with charge e* = e, contributing Hall conductivity GH = e2/h and K/κ0 = 1. 
Right- and left-pointing solid-line arrows denote a downstream and an 
upstream fractional charge mode, respectively, contributing 0.5GH =  
e2/(2h) and K/κ0 = 1. The wavy line denotes a fermionic neutral mode 
with zero charge and K/κ0 = 1, and the dashed line denotes a Majorana 
mode with zero charge and K/κ0 = 1/2. A neutral mode with K/κ0 = 1 
is physically equivalent to two Majorana modes. The left (right) part of 
the figure depicts the Abelian (non-Abelian) states with an integer (half-
integer) K/κ0. For all states, the lowest Landau level is fully occupied, as 
shown by the two downstream fermions (the two black right-pointing 
double-line arrows in the top left part of the figure). The ν = 5/2 state can 
be constructed in a particle-like manner, starting from ν = 2 and adding 
fractional, neutral, or Majorana modes, or in a hole-like fashion, starting 
from ν = 3 and adding modes moving in opposite directions (for example, 
see the third column of the anti-Pfaffian phase). The final state of the edge 
modes, after full equilibration, is depicted in the right-most column of 
each row. The green line divides the particle-like and hole-like states.
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Topological states of matter are characterized by topological invariants, which are physical quantities whose values are 
quantized and do not depend on the details of the system (such as its shape, size and impurities). Of these quantities, 
the easiest to probe is the electrical Hall conductance, and fractional values (in units of e2/h, where e is the electronic 
charge and h is the Planck constant) of this quantity attest to topologically ordered states, which carry quasiparticles with 
fractional charge and anyonic statistics. Another topological invariant is the thermal Hall conductance, which is harder 
to measure. For the quantized thermal Hall conductance, a fractional value in units of κ0 (κ0 = π2kB

2/(3h), where kB is 
the Boltzmann constant) proves that the state of matter is non-Abelian. Such non-Abelian states lead to ground-state 
degeneracy and perform topological unitary transformations when braided, which can be useful for topological quantum 
computation. Here we report measurements of the thermal Hall conductance of several quantum Hall states in the first 
excited Landau level and find that the thermal Hall conductance of the 5/2 state is compatible with a half-integer value 
of 2.5κ0, demonstrating its non-Abelian nature.

The even-denominator fractional quantum Hall state in the first excited 
Landau level at a bulk filling factor of ν = 5/2 has been a subject of 
extensive research for the past thirty years1. After its first observation2, 
it was suggested that this state might be a manifestation of supercon-
ducting-like condensation of composite fermions in a zero effective 
magnetic field3–5. Furthermore, it was predicted that the state car-
ries quasiparticles whose mutual exchange statistics is non-Abelian3. 
Consequently, the ground state of several quasiparticles remains degen-
erate even at their fixed positions; hence, such states are attractive for 
topological quantum computing1. Yet, this prediction has been hard 
to test experimentally because relatively easily accessible experimental 
probes, such as electric response functions, do not reflect the topolog-
ical order of the state. Even after the demonstration of the state’s quasi-
particle charge6,7 being e* = e/4 and the observation of a topologically 
protected upstream-propagating neutral mode8, a family of possible 
orders are still viable candidates for the ν = 5/2 state. However, the  
thermal Hall conductance may distinguish Abelian from non- 
Abelian states because it is quantized to an integer value of κ0T, where 
T is the temperature, for the former and a half-integer value for the 
latter5. Furthermore, its precise value distinguishes between different 
candidate orders. Here, we report an observation compatible with such 
half-integer quantization.

Background
It is worth giving a brief summary of the different orders predicted for 
this state. Numerical work lent support9–11 to the non-Abelian Pfaffian3 
and anti-Pfaffian topological orders12,13. Among the other possible 
states are the SU(2)2, the K = 8, 331 and 113 liquids, as well as their 
particle–hole conjugates14–17. A non-Abelian particle–hole Pfaffian 
order13,18–21 with the wave function described in ref. 19 was interpreted 
in terms of Dirac composite fermions18. Although the naming of these 
states does not follow any particular methodology, a wire construction 
organizes them in terms of their thermal Hall conductance, introduces 
possible generalizations, for which the thermal Hall conductance may 
be any arbitrary integer or half-integer multiple22 of κ0T, and identifies 

their edge structure (see below). Our goal is to determine the experi-
mentally relevant order from thermal transport.

The thermal Hall conductance is defined in a two-terminal measure-
ment as gQ = dJQ/dT = KT, with JQ being the heat current (in watts) and 
K the thermal conductance coefficient. This highly important charac-
teristic of the system has a maximal value for one-dimensional ballistic 
channels, with K = κ0. The thermal Hall conductance is independent 
of the charge and the exchange statistics of the heat-carrying particles. 
This quantum limit has been experimentally realized for bosons23,24, 
fermions25 and recently for a strongly interacting system—the lowest 
Landau level in the fractional quantum Hall effect (with fractionally 
charged quasiparticles)26. In the latter study26 it was shown that in the 
presence of counter-propagating one-dimensional modes and in the 
limit of a long propagation length, the thermal conductance reflects the 
net number of topological chiral modes (the number of downstream 
modes minus the number of upstream modes), as predicted by the K 
matrix in the bulk27.

Among the possible topological orders for the ν = 5/2 state16, 
the non-Abelian candidates are predicted to conduct n + 1/2 
(n = 0, 1, …, 4) units of the quantized heat, JQ, whereas for Abelian 
states the 1/2 is missing. The term 1/2 originates from a neutral edge 
mode (it can be downstream or upstream) whose central charge is one-
half. This mode may be viewed as a Majorana chiral edge mode of a 
superconductor of composite fermions. Moreover, each of the proposed 
non-Abelian topological orders has a different n, implying a different 
fractional quantized thermal conductance, gQ. Hence, measuring the 
heat conductance of the equilibrated ν = 5/2 fractional state may deter-
mine the nature of the topological order. Our measurement results are 
compatible with K ≈ 2.5κ0.

Experimental details
Our experimental setup, with its ‘heart’ shown in Fig. 1a, is similar in 
principle to our previously studied configuration26 (see Methods). The 
two-dimensional electron gas is structured in the form of four sepa-
rated arms (formed by chemical etching), with a small floating reservoir 
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T0 = 30 mK. Such dependence on the temperature is expected because 
it is tied directly with the temperature dependence of the equilibra-
tion length (see methods in ref. 26). The presence of neutral modes in 
ν = 8/3 and in ν = 5/2 was also verified (see Extended Data Fig. 6).

In Fig. 3 we show raw data for the two neighbouring states near 
ν = 5/2 without any data manipulation (such as the subtraction proce-
dure or taking into account the phonon contribution). The total heat 
dissipation for N = 4 is plotted in Fig. 3b as a function of Tm

2 . For the 
ν = 7/3 state, a deviation from K1 = κ0 for a single charge mode 
(namely, K7/3 = 3κ0 in each arm) becomes evident when the tempera-
ture approaches about 30 mK, which is clearly due to the phonon con-
tribution. Yet, for the ν = 8/3 state, the deviation from the expected 
total thermal conductance of 8κ0 (for four arms) is more apparent. 
Here, the non-equilibrated heat transport, combined with additional 
bulk transport (because Rxx > 0), contributes to a larger deviation of 
the thermal conductance.

In Fig. 4 we summarize the normalized thermal conductance coef-
ficient of the ν = 5/2 state. We plot K/κ0 at different temperatures 
(12–25 mK) and at three filling factors (on the ν = 5/2 conductance 
plateau). Seventeen measurements were performed with the device 
temperature cycled three times to room temperature, thus allowing 
for different microscopic configurations of the ionized charges. A sat-
uration of the normalized thermal conductance K5/2 = (2.53 ± 0.04)κ0 
is observed in the temperature range T0 = 18–25 mK. The thermal con-
ductance increases when the temperature is ≤15 mK. Such dependence 
is attributed to the increased equilibration length among the counter- 
propagating modes at lower temperatures (see the next section and 
Methods). In Fig. 5 we have summarized some of the more likely edge 
structures of possible orders that may describe the ν = 5/2 state, as well 
as their equilibrated K/κ0 values.

Discussion and conclusions
Composite fermions and the K-matrix formalism provide a powerful 
framework for the understanding of the fractional quantum Hall effect 
in the lowest Landau level. Almost all the quantum Hall states in the 
lowest Landau level are believed to be integer quantum Hall liquids of 
composite fermions32. Our recent results on thermal transport in the 
lowest Landau level strongly support that picture26. The first excited 
Landau level poses a greater challenge. The nature of the ν = 5/2 and 
ν = 12/5 states has long been a puzzle. Competing proposals have also 

been made for the ν = 7/3 and ν = 8/3 states33,34; however, past31,35 and 
present results prove that these two states are compatible with compos-
ite fermion liquids, similar to those at ν = 1/3 and ν = 2/3.

We now discuss our measurement results and their implications. 
In this study and in our previous work26, the results agree well with 
theoretical predictions36, with a level of precision of about 1% (in suf-
ficiently long samples). Two of the states require further elaboration. 
For the ν = 2/3 state, theory predicts a thermal Hall conductance that 
scales like 1/L (with L being the system size), with a proportionality 
constant that decreases with temperature (see methods in ref. 26). Our 
measurements are compatible with this expectation. For the ν = 8/3 
state, we observed a thermal Hall conductance exceeding the expected 
one by about 10%, which we also attribute to partial equilibration of 
counter-propagating edge modes and the finite Rxx of this state. When 
examining the case of ν = 5/2, these results give confidence in our 
experimental setup and analysis.

For the ν = 5/2 state, taking our findings of K5/2 = 2.5κ0 at face 
value, the results are compatible with the topological order of the 
particle–hole Pfaffian liquid18,19. On the basis of common theoretical 
understanding, the fractional value of K implies that the ν = 5/2 state is 
non-Abelian. The identification of this topological order is rather sur-
prising, in view of the numerical works that predicted the Pfaffian and 
anti-Pfaffian topological orders as leading candidates. This discrepancy 
may be reconciled by models that include disorder37–39.

There may be factors that would cause the measured thermal Hall 
conductance to be different from that imposed by the bulk topological 
order. Of these, we note the lack of equilibration of counter-propagat-
ing edge modes and leakage of heat to the bulk either due to longi-
tudinal electronic thermal conductance or due to phonons. We were 
able to quantify the phonons’ contribution and ascertain that it is small 
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Fig. 4 | Summary of the normalized thermal conductance coefficient 
results for ν = 5/2. Plotted is the average K/κ0 as a function of the 
temperature at three different fillings on the ν = 5/2 GH conductance 
plateau. A clear tendency of increased thermal conductance at lower 
temperatures is visible. Such dependence is attributed to the increased 
equilibration length (among downstream and upstream modes) at lower 
temperatures (see ref. 26 for a similar behaviour of the ν = 2/3 state). 
Seventeen measurements were conducted, with K/κ0 falling in the range 
K/κ0 = (2.53 ± 0.04)κ0 at electron base temperatures of T0 = 18–25 mK, 
where most of the data points were taken.

SU(2)2 K/N0 = 4.5

331 K/N0 = 4

Pfaffian K/N0�= 3.5

K = 8 K/N0�= 3

PH-Pfaffian K/N0�= 2.5

113 K/N0�= 2

A-Pfaffian K/N0�= 1.5

A-331 K/N0�= 1

A-SU(2)2 K/N0�= 0.5

Integer, e, N = 1

Fraction, e/4, N�= 1

Neutral mode, 0, N = 1

Majorana mode, 0, N = 0.5

Q = 2

Fig. 5 | Possible orders predicted for the ν = 5/2 state. Edge-mode 
structure of the leading candidates for the many-body state of a fractional 
quantum Hall ν = 5/2 liquid: Pfaffian, anti-Pfaffian (A-Pfaffian) and 
particle–hole Pfaffian (PH-Pfaffian) topological orders and the SU(2)2, 
K = 8, 331 and 113 liquids (‘A’ stands for ‘anti’). Their expected quantized 
thermal Hall conductance, KT, in units of κ0T are also shown. A right-
pointing double-line arrow denotes a downstream edge mode of a fermion 
with charge e* = e, contributing Hall conductivity GH = e2/h and K/κ0 = 1. 
Right- and left-pointing solid-line arrows denote a downstream and an 
upstream fractional charge mode, respectively, contributing 0.5GH =  
e2/(2h) and K/κ0 = 1. The wavy line denotes a fermionic neutral mode 
with zero charge and K/κ0 = 1, and the dashed line denotes a Majorana 
mode with zero charge and K/κ0 = 1/2. A neutral mode with K/κ0 = 1 
is physically equivalent to two Majorana modes. The left (right) part of 
the figure depicts the Abelian (non-Abelian) states with an integer (half-
integer) K/κ0. For all states, the lowest Landau level is fully occupied, as 
shown by the two downstream fermions (the two black right-pointing 
double-line arrows in the top left part of the figure). The ν = 5/2 state can 
be constructed in a particle-like manner, starting from ν = 2 and adding 
fractional, neutral, or Majorana modes, or in a hole-like fashion, starting 
from ν = 3 and adding modes moving in opposite directions (for example, 
see the third column of the anti-Pfaffian phase). The final state of the edge 
modes, after full equilibration, is depicted in the right-most column of 
each row. The green line divides the particle-like and hole-like states.
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Observation of half-integer thermal Hall 
conductance
Mitali Banerjee1, Moty Heiblum1*, Vladimir Umansky1, Dima E. Feldman2, Yuval Oreg1 & Ady Stern1

Topological states of matter are characterized by topological invariants, which are physical quantities whose values are 
quantized and do not depend on the details of the system (such as its shape, size and impurities). Of these quantities, 
the easiest to probe is the electrical Hall conductance, and fractional values (in units of e2/h, where e is the electronic 
charge and h is the Planck constant) of this quantity attest to topologically ordered states, which carry quasiparticles with 
fractional charge and anyonic statistics. Another topological invariant is the thermal Hall conductance, which is harder 
to measure. For the quantized thermal Hall conductance, a fractional value in units of κ0 (κ0 = π2kB

2/(3h), where kB is 
the Boltzmann constant) proves that the state of matter is non-Abelian. Such non-Abelian states lead to ground-state 
degeneracy and perform topological unitary transformations when braided, which can be useful for topological quantum 
computation. Here we report measurements of the thermal Hall conductance of several quantum Hall states in the first 
excited Landau level and find that the thermal Hall conductance of the 5/2 state is compatible with a half-integer value 
of 2.5κ0, demonstrating its non-Abelian nature.

The even-denominator fractional quantum Hall state in the first excited 
Landau level at a bulk filling factor of ν = 5/2 has been a subject of 
extensive research for the past thirty years1. After its first observation2, 
it was suggested that this state might be a manifestation of supercon-
ducting-like condensation of composite fermions in a zero effective 
magnetic field3–5. Furthermore, it was predicted that the state car-
ries quasiparticles whose mutual exchange statistics is non-Abelian3. 
Consequently, the ground state of several quasiparticles remains degen-
erate even at their fixed positions; hence, such states are attractive for 
topological quantum computing1. Yet, this prediction has been hard 
to test experimentally because relatively easily accessible experimental 
probes, such as electric response functions, do not reflect the topolog-
ical order of the state. Even after the demonstration of the state’s quasi-
particle charge6,7 being e* = e/4 and the observation of a topologically 
protected upstream-propagating neutral mode8, a family of possible 
orders are still viable candidates for the ν = 5/2 state. However, the  
thermal Hall conductance may distinguish Abelian from non- 
Abelian states because it is quantized to an integer value of κ0T, where 
T is the temperature, for the former and a half-integer value for the 
latter5. Furthermore, its precise value distinguishes between different 
candidate orders. Here, we report an observation compatible with such 
half-integer quantization.

Background
It is worth giving a brief summary of the different orders predicted for 
this state. Numerical work lent support9–11 to the non-Abelian Pfaffian3 
and anti-Pfaffian topological orders12,13. Among the other possible 
states are the SU(2)2, the K = 8, 331 and 113 liquids, as well as their 
particle–hole conjugates14–17. A non-Abelian particle–hole Pfaffian 
order13,18–21 with the wave function described in ref. 19 was interpreted 
in terms of Dirac composite fermions18. Although the naming of these 
states does not follow any particular methodology, a wire construction 
organizes them in terms of their thermal Hall conductance, introduces 
possible generalizations, for which the thermal Hall conductance may 
be any arbitrary integer or half-integer multiple22 of κ0T, and identifies 

their edge structure (see below). Our goal is to determine the experi-
mentally relevant order from thermal transport.

The thermal Hall conductance is defined in a two-terminal measure-
ment as gQ = dJQ/dT = KT, with JQ being the heat current (in watts) and 
K the thermal conductance coefficient. This highly important charac-
teristic of the system has a maximal value for one-dimensional ballistic 
channels, with K = κ0. The thermal Hall conductance is independent 
of the charge and the exchange statistics of the heat-carrying particles. 
This quantum limit has been experimentally realized for bosons23,24, 
fermions25 and recently for a strongly interacting system—the lowest 
Landau level in the fractional quantum Hall effect (with fractionally 
charged quasiparticles)26. In the latter study26 it was shown that in the 
presence of counter-propagating one-dimensional modes and in the 
limit of a long propagation length, the thermal conductance reflects the 
net number of topological chiral modes (the number of downstream 
modes minus the number of upstream modes), as predicted by the K 
matrix in the bulk27.

Among the possible topological orders for the ν = 5/2 state16, 
the non-Abelian candidates are predicted to conduct n + 1/2 
(n = 0, 1, …, 4) units of the quantized heat, JQ, whereas for Abelian 
states the 1/2 is missing. The term 1/2 originates from a neutral edge 
mode (it can be downstream or upstream) whose central charge is one-
half. This mode may be viewed as a Majorana chiral edge mode of a 
superconductor of composite fermions. Moreover, each of the proposed 
non-Abelian topological orders has a different n, implying a different 
fractional quantized thermal conductance, gQ. Hence, measuring the 
heat conductance of the equilibrated ν = 5/2 fractional state may deter-
mine the nature of the topological order. Our measurement results are 
compatible with K ≈ 2.5κ0.

Experimental details
Our experimental setup, with its ‘heart’ shown in Fig. 1a, is similar in 
principle to our previously studied configuration26 (see Methods). The 
two-dimensional electron gas is structured in the form of four sepa-
rated arms (formed by chemical etching), with a small floating reservoir 

1Braun Center of Sub-Micron Physics, Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot, Israel. 2Department of Physics, Brown University, Providence, RI, USA. 
*e-mail: moty.heiblum@weizmann.ac.il
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The “seed duality”
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2

1

4⇡
AdA L = L[�, a] +

1

4⇡
ada+

1

2⇡
Ada

From this duality, a whole “web” of new dualities can be 
derived 

Both the bosonic and fermionic particle-vortex duality can 
be derived from a “seed duality”

  fermion = boson + flux

Karch, Tong; Seiberg, Senthil, Wang, Witten



Extreme small N
• It turns out that in HEP literature there has been 

suggestions of duality between bosonic and 
fermionic Chern-Simons theories

• Verified at large N but speculated to be valid also 
at small N Aharony 2015

duality. The arguments of [3] were not careful about the precise form of the level-rank

duality, and about whether we have an SU(N) or U(N) gauge group, and they found that

(in the Yang-Mills regularization) the duality should relate the theory of N
f

fundamental

scalars coupled to U(N)
k

, to a theory of N
f

fundamental fermions coupled to U(k)
Nf/2�N

.

Using the precise form of the level-rank dualities above, we see that there are actually three

possible dualities that are consistent with level-rank duality:

SU(N)
k

coupled to scalars $ U(k)�N+Nf/2,�N+Nf/2 coupled to fermions, (2.6)

U(N)
k,k

coupled to scalars $ SU(k)�N+Nf/2 coupled to fermions, (2.7)

U(N)
k,k+N

coupled to scalars $ U(k)�N+Nf/2,�N�k+Nf/2 coupled to fermions. (2.8)

The evidence so far for the validity of these dualities is identical, since it is just at leading

order in the large N limit, where the di↵erences between them are negligible. We conjecture

that they are all correct. The main di↵erence between the di↵erent theories is in the

baryonic and monopole operators, and we will discuss these operators and their consistency

with the duality in the next sections.

It was argued in [27] that when the U(N) Chern-Simons-matter theories are compact-

ified on a circle, the logarithms of the eigenvalues of their holonomies are quantized to be

an integer multiple of 2⇡/k̂. In the SU(N) theory the eigenvalues sum up to zero (up to

an overall shift by a multiple of 2⇡), and the quantization applies to the di↵erence between

any pair of eigenvalues. This quantization has important e↵ects for the thermodynamical

behavior of these theories, which was analyzed in the large N limit in [27, 28] (following

[1]).

Note that the SU(N) theory has a U(1) baryon-number symmetry, carried by the fields

in the fundamental representation. The U(N) theories also have a U(1) global symmetry,

which is a combination of the baryon-number symmetry and the “topological” symmetry

generated by the current Jµ = ✏µ⌫⇢tr(F
⌫⇢

). One combination of these two currents is

gauged, and any other combination is a global symmetry, that maps under the duality

to the corresponding global symmetry on the other side. The precise combination that is

gauged depends on the Chern-Simons level of the U(1) gauge field; it is independent of the

SU(N) Chern-Simons level.

Let us end this section by clarifying the relation of these dualities to dualities be-

tween N = 2 supersymmetric CS-matter theories [11, 12, 13, 14]. For these theories the

Yang-Mills regularization, which preserves supersymmetry, is usually used. However, the

supersymmetric pure Yang-Mills-Chern-Simons theory contains two extra massive gluinos

in addition to the pure CS theory. Integrating these out gives a shift between the level

of the N = 2 supersymmetric SU(N) CS theory and the non-supersymmetric one, of the

form

kN=2 = kN=0 +Nsign(kN=0). (2.9)

This is precisely of the same form as (2.1), though their origin is completely di↵erent (a

loop involving gluons in one case, a loop with two gluinos in the other). Thus, the level-

rank dualities for pure N = 2 CS theories take the same form as (2.4) and (2.5) above.

– 5 –

N = Nf = k = 1
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Baryons, monopoles and dualities in

Chern-Simons-matter theories

Ofer Aharony
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E-mail : Ofer.Aharony@weizmann.ac.il

Abstract: There is significant evidence for a duality between (non-supersymmetric) U(N)

Chern-Simons theories at level k coupled to fermions, and U(k) Chern-Simons theories at

level N coupled to scalars. Most of the evidence comes from the large N ’t Hooft limit,

where many details of the duality (such as whether the gauge group is U(N) or SU(N),

the precise level of the U(1) factor, and order one shifts in the level) are not important.

The main evidence for the validity of the duality at finite N comes from adding masses and

flowing to pure Chern-Simons theories related by level-rank duality, and from flowing to

the non-supersymmetric duality from supersymmetric dualities, whose finite N validity is

well-established. In this note we clarify the implications of these flows for the precise form

of the duality; in particular we argue that in its simplest form the duality maps SU(N)

theories to U(k) theories, though there is also another version relating U(N) to U(k).

This precise form strongly a↵ects the mapping under the duality of baryon and monopole

operators, and we show, following arguments by Radičević, that their mapping is consistent

with our claims. We also discuss the implications of our results for the additional duality

between these Chern-Simons matter theories and (the UV completion of) high-spin gravity

theories on AdS4. The latter theories should contain heavy particles carrying electric

and/or magnetic charges under their U(1) gauge symmetry.
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Conclusion of part 1

• Fractional quantum Hall systems provide an 
experimentally realizable example of duality

• Mysterious emergence of a new type of 
quasiparticle; not a standard “dressed electron” 

• Fruitful interaction between high-energy and 
condensed matter physics



End of part 1



Hydrodynamics of the 
composite fermions



Plan

• “Chiral metric hydrodynamics”

• Fractional quantum Hall effect

• Composite fermion

• Kelvin’s circulation theorem (1869), static structure 
factor

• Ref: arXiv:1907.07187

• related work: A.Gromov & DTS “bimetric theory”, 
Haldane’s dynamical gravity



Hydrodynamics

• Hydrodynamics of an ideal fluid can be written in 
terms of the particle number density n(x) and 
momentum density π(x)

@n

@t
+ @i(nv

i) = 0
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@⇡i

@t
+ @j(v

j⇡i) + @ip = 0
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Galilean invariant fluids: ⇡i = mnvi
<latexit sha1_base64="K7IPd2cR/ta4BiVnuAIund6BEHQ=">AAACB3icbVC7SgNBFL0bXzE+sirY2AwGwSrs2mgjBG0sEzCJkCzr7GQ2GTIzu8zMBkLIB/gNtlrbia2fYSP4J04SEZN44MLhnHs5lxOlnGnjeR9ObmV1bX0jv1nY2t7ZLbp7+w2dZIrQOkl4ou4irClnktYNM5zepYpiEXHajPrXE785oEqzRN6aYUoDgbuSxYxgY6XQLbZTFjJ0iQSSaBCy0C15ZW8K9Ev8RVKqHNY+7wGgGrpf7U5CMkGlIRxr3fK91AQjrAwjnI4L7UzTFJM+7tKWpRILqoPR9PExOrFKB8WJsiMNmqp/L0ZYaD0Ukd0U2PT0ojcR//NamYkvghGTaWaoJLOgOOPIJGjSAuowRYnhQ0swUcz+ikgPK0yM7WouJRJj28lSA8ukcVb2vbJfs+VcwQx5OIJjOAUfzqECN1CFOhDI4BGe4Nl5cF6cV+dttppzfm4OYA7O+ze0MpqM</latexit><latexit sha1_base64="C38QzThQv35UQrOD7GJWF/Tvqig=">AAACB3icbVC7SgNBFL3rM8ZHooKNzWAQrMKujTZCiI1lAuYBybLMTmaTITOzy8xsIIR8gN9gq6XYia3gT9gI/omTRMQkHrhwOOdezuWECWfauO6Hs7K6tr6xmdnKbu/s7uXy+wd1HaeK0BqJeayaIdaUM0lrhhlOm4miWIScNsL+9cRvDKjSLJa3ZphQX+CuZBEj2FgpyOfaCQsYukICSTQIWJAvuEV3CvRLvEVSKB1VP9lT+b0S5L/anZikgkpDONa65bmJ8UdYGUY4HWfbqaYJJn3cpS1LJRZU+6Pp42N0apUOimJlRxo0Vf9ejLDQeihCuymw6elFbyL+57VSE136IyaT1FBJZkFRypGJ0aQF1GGKEsOHlmCimP0VkR5WmBjb1VxKKMa2k6UGlkn9vOi5Ra9qyynDDBk4hhM4Aw8uoAQ3UIEaEEjhHh7g0blznp0X53W2uuL83BzCHJy3bx+GnEg=</latexit><latexit sha1_base64="C38QzThQv35UQrOD7GJWF/Tvqig=">AAACB3icbVC7SgNBFL3rM8ZHooKNzWAQrMKujTZCiI1lAuYBybLMTmaTITOzy8xsIIR8gN9gq6XYia3gT9gI/omTRMQkHrhwOOdezuWECWfauO6Hs7K6tr6xmdnKbu/s7uXy+wd1HaeK0BqJeayaIdaUM0lrhhlOm4miWIScNsL+9cRvDKjSLJa3ZphQX+CuZBEj2FgpyOfaCQsYukICSTQIWJAvuEV3CvRLvEVSKB1VP9lT+b0S5L/anZikgkpDONa65bmJ8UdYGUY4HWfbqaYJJn3cpS1LJRZU+6Pp42N0apUOimJlRxo0Vf9ejLDQeihCuymw6elFbyL+57VSE136IyaT1FBJZkFRypGJ0aQF1GGKEsOHlmCimP0VkR5WmBjb1VxKKMa2k6UGlkn9vOi5Ra9qyynDDBk4hhM4Aw8uoAQ3UIEaEEjhHh7g0blznp0X53W2uuL83BzCHJy3bx+GnEg=</latexit><latexit sha1_base64="sDIhq/LL7pc8A/Q11SBbPVjP4uY=">AAACB3icbVC7SgNBFL0bXzE+smppMxgEq7Bro40QtLGMYB6QLMvsZDYZMjO7zMwGwpIP8BtstbYTWz/D0j9x8kBM4oELh3Pu5VxOlHKmjed9OYWNza3tneJuaW//4LDsHh03dZIpQhsk4YlqR1hTziRtGGY4baeKYhFx2oqGd1O/NaJKs0Q+mnFKA4H7ksWMYGOl0C13UxYydIMEkmgUstCteFVvBvRL/FVSgQXqofvd7SUkE1QawrHWHd9LTZBjZRjhdFLqZpqmmAxxn3YslVhQHeSzxyfo3Co9FCfKjjRopv69yLHQeiwiuymwGehVbyr+53UyE18HOZNpZqgk86A448gkaNoC6jFFieFjSzBRzP6KyAArTIztaiklEhPbyVoD66R5WfW9qv/gVWq3i3aKcApncAE+XEEN7qEODSCQwTO8wKvz5Lw5787HfLXgLG5OYAnO5w8JL5in</latexit>



Hydrodynamics

• Hydrodynamics can be formulated as a dynamical 
system with the Poisson brackets

• and Hamiltonian

Landau 1941

ṅ = {H, n}
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⇡̇i = {H, ⇡i}
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{⇡i(x), ⇡j(y)} = [⇡j(x)@i + ⇡i(y)@j ]�(x� y)
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H =

Z
dx


1

2m

~⇡2(x)

n(x)
+ ✏(n(x))

�
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Extension with tensor d.o.f.?

• We want to extend the hydrodynamics theory 
with a tensor d.o.f. Gij(x)

• What is the natural Poisson brackets?

• momentum density generates diffeomorphism

3

completely determines the time evolution of the hydrodynamic fields: Ȯ = {H,O}, with O

being n or ⇡i. Denoting the variational derivatives of H with respect to n(x) and ⇡i(x) by

µ(x) and vi(x), respectively,

�H =

Z
dx

⇥
µ(x)�n(x) + vi(x)�⇡i(x)

⇤
, (3)

the equations of motion can be written as

ṅ+ @i(nv
i) = 0, (4a)

⇡̇i + n@iµ+ ⇡j@iv
j + @j(v

j⇡i) = 0. (4b)

In the case of a fluid with Galilean invariance, where the Hamilton is the sum of the kinetic

and potential energies:

H =

Z
dx


⇡2

2mn
+ ✏(n)

�
, (5)

with m being the mass of the fluid particles, Eqs. (4) coincide with the Euler equations for

an ideal fluid.

B. Poisson algebra and spatial di↵eomorphism. Introducing the metric

We will now introduce into the formalism a new hydrodynamic variable—a two-index

tensor Gij, which will also be called the “metric.” The introduction of a tensor into hydro-

dynamics makes our theory similar to hydrodynamics of nematic liquid crystals, for which

the Poisson bracket formalism has been applied [12]. Here we first abstract ourselves from

physical applications and construct our theory from purely mathematical consideration.

First, we note that the momentum density ⇡(x) can be regarded as the operator gener-

ating infinitesimal di↵eomorphism transformation [13]. More concretely, if one defines for

each vector field ⇠k(x) the quantity

⇠̂ =

Z
dy ⇠k(y)⇡k(y), (6)

then the Poisson brackets of ⇠̂ with n and ⇡i,

{⇠̂, n(x)} = �⇠k@kn� n@k⇠
k = �£⇠n� n@k⇠

k, (7)

{⇠̂, ⇡i(x)} = �⇠k@k⇡i � ⇡k@i⇠
k � ⇠i@k⇠

k = �£⇠⇡i � ⇡i@k⇠
k, (8)

reproduce exactly the shift of a scalar density and a covariant vector density under an

infinitesimal coordinate transformation xk ! xk + ⇠k. In other words, the Poisson algebra

formed by ⇡i(x) is isomorphic to the algebra of spatial di↵eomorphism, and the Poisson

bracket of ⇡i with any quantity is determined by the law of transformation of the latter

under di↵eomorphism. For example, the momentum per particle ui = ⇡i/n is a vector, and

this is manifested in its Poisson bracket with the momentum density:

{⇠̂, ui(x)} = �⇠k@kui � uk@i⇠
k = �£⇠ui . (9)
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ṅ+ @i(nv
i) = 0, (4a)

⇡̇i + n@iµ+ ⇡j@iv
j + @j(v

j⇡i) = 0. (4b)

In the case of a fluid with Galilean invariance, where the Hamilton is the sum of the kinetic

and potential energies:

H =

Z
dx


⇡2

2mn
+ ✏(n)

�
, (5)

with m being the mass of the fluid particles, Eqs. (4) coincide with the Euler equations for

an ideal fluid.

B. Poisson algebra and spatial di↵eomorphism. Introducing the metric

We will now introduce into the formalism a new hydrodynamic variable—a two-index

tensor Gij, which will also be called the “metric.” The introduction of a tensor into hydro-

dynamics makes our theory similar to hydrodynamics of nematic liquid crystals, for which

the Poisson bracket formalism has been applied [12]. Here we first abstract ourselves from

physical applications and construct our theory from purely mathematical consideration.

First, we note that the momentum density ⇡(x) can be regarded as the operator gener-

ating infinitesimal di↵eomorphism transformation [13]. More concretely, if one defines for

each vector field ⇠k(x) the quantity

⇠̂ =

Z
dy ⇠k(y)⇡k(y), (6)

then the Poisson brackets of ⇠̂ with n and ⇡i,

{⇠̂, n(x)} = �⇠k@kn� n@k⇠
k = �£⇠n� n@k⇠

k, (7)

{⇠̂, ⇡i(x)} = �⇠k@k⇡i � ⇡k@i⇠
k � ⇠i@k⇠

k = �£⇠⇡i � ⇡i@k⇠
k, (8)

reproduce exactly the shift of a scalar density and a covariant vector density under an

infinitesimal coordinate transformation xk ! xk + ⇠k. In other words, the Poisson algebra

formed by ⇡i(x) is isomorphic to the algebra of spatial di↵eomorphism, and the Poisson

bracket of ⇡i with any quantity is determined by the law of transformation of the latter

under di↵eomorphism. For example, the momentum per particle ui = ⇡i/n is a vector, and

this is manifested in its Poisson bracket with the momentum density:

{⇠̂, ui(x)} = �⇠k@kui � uk@i⇠
k = �£⇠ui . (9)

3

completely determines the time evolution of the hydrodynamic fields: Ȯ = {H,O}, with O
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Extending Poisson algebra

• Let’s introduce a “dynamical metric” Gij(x) which 
transforms as a tensor

• That fixes the Poisson bracket

• Next: {G, G}

• {G, G} = 0: theory of a solid 

4

We are now ready to introduce a new degree of freedom into the theory: the metric Gij.

We chose it to transform as a covariant tensor, which means

{⇠̂, Gij(x)} = �£⇠Gij = �⇠k@kGij �Gkj@i⇠
k �Gik@j⇠

k. (10)

This condition fixes the Poisson bracket between ⇡i and Gij,

{Gij(x), ⇡k(y)} = [Gik(x)@j +Gjk(x)@i + @kGij(x)] �(x� y). (11)

Note that this is quite di↵erent from the corresponding Poisson bracket in the theory of

nematic liquid crystals [12].

As in general relativity, we will denote the matrix inverse of Gij as Gij and detGij as G.

Note that G transforms like a scalar density, i.e., in the same way as n. Thus it is consistent

to impose the constraint
p
G = n. This means that beside n and ⇡, the new dynamical

degrees of freedom form a unimodular matrix Gij/n2/d, where d is the number of spatial

dimensions.

To complete the Poisson algebra, we need to define the Poisson brackets between Gij

and n, and between the components of Gij. For the Poisson bracket between G and n the

simplest choice is to declare it to vanish:

{Gij(x), n(y)} = 0. (12)

As to the Poisson bracket between components of Gij, there are two di↵erent natural choices

that lead to dramatically di↵erent hydrodynamic theories. The simpler choice, which works

in any number of spatial dimensions, is to take the Poisson brackets between the metric

components to be zero,

{Gij(x), Gkl(y)} = 0. (13)

However, in this case our hydrodynamic theory is simply another formulation of the theory

of elasticity. This can be seen as follows. Assume the most general Hamiltonian H =

H[n(x), ⇡i(x), Gij(x)] and introducing again its functional derivatives,

�H =

Z
dx


µ(x)�n(x) + vi(x)�⇡i(x) +

1

2
�ij(x)�Gij(x)

�
, (14)

the equations of motion have the form

@tn = �@i(nv
i), (15a)

@t⇡i = �n@iµ� ⇡j@iv
j � @j(v

j⇡i)� @j(�
jkGki) +

1

2
�jk@iGjk , (15b)

@tGij = �vk@kGij �Gik@jv
k �Gjk@iv

k. (15c)

In particular, Eq. (15c) means that the metric tensor is frozen into the fluid, and is given

simply by the shape of an initially spherical droplet advected by the flow. The fact that the

energy depends on the shape of this droplet means that we are dealing not with fluid, but

with an elastic solid, where �ij is basically the elastic stress. This finding can be confirmed,

for example, by finding the normal modes of the linearized hydrodynamic equations: one

finds, in addition to the longitudinal sound, the transverse sound.

{Gij(x), ⇡k(y)} = (Gik(x)@j +Gjk(x)@i + @kGij)�(x� y)
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Chiral metric hydro

• We can consistently impose (det G)1/2 = n

• Hydrodynamics equations

{Gij(x), Gkl(y)} = �1

s
("ikGjk + "ilGjk + "jkGil + "jlGik)�(x� y)
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Alternative in 2 spatial dimensions

5

III. CHIRAL POISSON ALGEBRA AND CHIRAL METRIC

HYDRODYNAMICS

A. Construction of the chiral metric hydrodynamic theory

In two spatial dimensions, if one does not impose spatial parity, then there is another

choice for the Poisson bracket between Gij:

{Gij(x), Gkl(y)} = �1

s
(✏ikGjl + ✏ilGjk + ✏jkGil + ✏jlGik) �(x� y), (16)

where s is a pure number, and ✏ij = �✏ji, ✏12 = 1. One needs to verify that the Jacobi

identity is satisfied. Excluding the delta-function on the right-hand side, Eq. (16) has the

same form as the commutators of the sl(2,R) algebra. That means that the Jacobi identity

{{G,G}, G} + · · · = 0 is satisfied. Checking the Jacobi identity {⇡, {G,G}} + · · · = 0

is equivalent to verifying that the two sides of Eq. (16) transform in the same way under

general coordinate transformations. This can be established by noting that �(x � y) is a

scalar density of weight �1 and ✏ij a tensor density of weight +1. Other cases can be checked

trivially.

Given the Hamiltonian H = H[n(x), ⇡i(x), Gij(x)], the hydrodynamic equations can be

now written down using the conjugate variables defined in Eq. (14):

@tn = �@i(nv
i), (17a)

@t⇡i = �n@iµ� ⇡j@iv
j � @j(v

j⇡i)� @j(�
jkGki) +

1

2
�jk@iGjk , (17b)

@tGij = �vk@kGij �Gik@jv
k �Gjk@iv

k +
1

s
(✏ikGjl + ✏jkGil)�

kl. (17c)

Compared to Eqs. (15), the equation for time evolution of the metric contains a parity-odd

term.

If the metric tensor Gij is almost isotropic, like in most applications that we will consider,

then one can expand

Gij = n(�ij +Qij), Qij ⌧ 1, Qii = 0. (18)

In this limit, one can use the “reduced” Poisson brackets

{Qij(x), ⇡k(y)} = (�ik@j + �jk@i � �ij@k)�(x� y), (19)

{Qij(x), Qkl(y)} = � 1

sn
(✏ik�jl + ✏il�jk + ✏jk�il + ✏jl�ik)�(x� y), (20)

to derive the hydrodynamic equations

@tn+ @i(nv
i) = 0, (21)

@t⇡i + @j(v
j⇡i) + n@iµ+ ⇡j@iv

j + @j⌧
ji = 0, (22)

@tQij �
1

sn
(✏ik⌧kj + ✏jk⌧ki) + Vij = 0, (23)
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We are now ready to introduce a new degree of freedom into the theory: the metric Gij.

We chose it to transform as a covariant tensor, which means

{⇠̂, Gij(x)} = �£⇠Gij = �⇠k@kGij �Gkj@i⇠
k �Gik@j⇠

k. (10)

This condition fixes the Poisson bracket between ⇡i and Gij,

{Gij(x), ⇡k(y)} = [Gik(x)@j +Gjk(x)@i + @kGij(x)] �(x� y). (11)

Note that this is quite di↵erent from the corresponding Poisson bracket in the theory of

nematic liquid crystals [12].

As in general relativity, we will denote the matrix inverse of Gij as Gij and detGij as G.

Note that G transforms like a scalar density, i.e., in the same way as n. Thus it is consistent

to impose the constraint
p
G = n. This means that beside n and ⇡, the new dynamical

degrees of freedom form a unimodular matrix Gij/n2/d, where d is the number of spatial

dimensions.

To complete the Poisson algebra, we need to define the Poisson brackets between Gij

and n, and between the components of Gij. For the Poisson bracket between G and n the

simplest choice is to declare it to vanish:

{Gij(x), n(y)} = 0. (12)

As to the Poisson bracket between components of Gij, there are two di↵erent natural choices

that lead to dramatically di↵erent hydrodynamic theories. The simpler choice, which works

in any number of spatial dimensions, is to take the Poisson brackets between the metric

components to be zero,

{Gij(x), Gkl(y)} = 0. (13)

However, in this case our hydrodynamic theory is simply another formulation of the theory

of elasticity. This can be seen as follows. Assume the most general Hamiltonian H =

H[n(x), ⇡i(x), Gij(x)] and introducing again its functional derivatives,

�H =

Z
dx


µ(x)�n(x) + vi(x)�⇡i(x) +

1

2
�ij(x)�Gij(x)

�
, (14)

the equations of motion have the form

@tn = �@i(nv
i), (15a)

@t⇡i = �n@iµ� ⇡j@iv
j � @j(v

j⇡i)� @j(�
jkGki) +

1

2
�jk@iGjk , (15b)

@tGij = �vk@kGij �Gik@jv
k �Gjk@iv

k. (15c)

In particular, Eq. (15c) means that the metric tensor is frozen into the fluid, and is given

simply by the shape of an initially spherical droplet advected by the flow. The fact that the

energy depends on the shape of this droplet means that we are dealing not with fluid, but

with an elastic solid, where �ij is basically the elastic stress. This finding can be confirmed,

for example, by finding the normal modes of the linearized hydrodynamic equations: one

finds, in addition to the longitudinal sound, the transverse sound.



Normal modes
• Linearizing the equations one finds usual sound 

wave and shear mode, and a gapped spin-2 mode

Gij = n(�ij +Qij)
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At small frequencies, a fluid with Hall viscosity

⌘H =
sn

2
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s = average “orbital spin”

! =
2µ

ns
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“Lamé constant”



Relevance to quantum 
Hall effect?



Particle-vortex duality
original fermion composite fermion

magnetic field density

density magnetic field

L = i ̄�µ(@µ � iaµ) � 1

4⇡
✏µ⌫�Aµ@⌫a� +

1

8⇡
✏µ⌫�Aµ@⌫A�

⇢ =
�S

�A0
=

B � b

4⇡

�S

�a0
= 0 �! h ̄�0 i = B

4⇡
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Mapping from electrons to CFs
electron composite

fermion 

half-filled Landau level Fermi liquid of CFs

⇢ 6= 0 b = 0⌫ =
1

2
, B 6= 0

<latexit sha1_base64="sHylauY/4Ad4wnkgzVmAVOdoZ9g=">AAACEnicbZDLSgMxFIbPeK31NupOXQSL4ELKTBfqRih247KCvUCnlEyaaUMzmWmSEcpQ8CF8Bre6didufQF3+iamrYht/SHw859zOCefH3OmtON8WAuLS8srq5m17PrG5ta2vbNbVVEiCa2QiEey7mNFORO0opnmtB5LikOf05rfK43qtTsqFYvErR7EtBnijmABI1ibqGXveyK59AKJiVs4RV4/wW105QnaR07Lzjl5Zyz0a9xZkyueHZY+AaDcsr+8dkSSkApNOFaq4TqxbqZYakY4HWa9RNEYkx7u0IaxAodUNdPxH4bo2CRtFETSPKHROP07keJQqUHom84Q666arY3C/2qNRAcXzZSJONFUkMmiIOFIR2gEBLWZpETzgTGYSGZuRaSLDRBtsE1t8cOhYTJHYN5UC3nXybs3Bk4RJsrAARzBCbhwDkW4hjJUgMA9PMITPFsP1ov1ar1NWhesn5k9mJL1/g0ZG55x</latexit><latexit sha1_base64="uTy3o2z6wycHPM86SDeisUgXeXQ=">AAACEnicbZDLSgMxFIYz9VbrbdSdigSL4ELKTBfqRih247KCvUBnqJk0U0OTzDTJCGUo+BA+g1tduxO3voBLF76HaStiW38I/PznHM7JF8SMKu04H1Zmbn5hcSm7nFtZXVvfsDe3aipKJCZVHLFINgKkCKOCVDXVjDRiSRAPGKkH3fKwXr8jUtFIXOt+THyOOoKGFCNtopa944nk3Aslwm7xGHq9BLXhhSdIDzotO+8UnJHgr3GnTb50slf+Ku7fVFr2p9eOcMKJ0JghpZquE2s/RVJTzMgg5yWKxAh3UYc0jRWIE+Wnoz8M4KFJ2jCMpHlCw1H6dyJFXKk+D0wnR/pWTdeG4X+1ZqLDMz+lIk40EXi8KEwY1BEcAoFtKgnWrG8MwpKaWyG+RQaINtgmtgR8YJjMEJg1tWLBdQrulYFTAmNlwS44AEfABaegBC5BBVQBBvfgETyBZ+vBerFerbdxa8b6mdkGE7LevwEVb58m</latexit><latexit sha1_base64="uTy3o2z6wycHPM86SDeisUgXeXQ=">AAACEnicbZDLSgMxFIYz9VbrbdSdigSL4ELKTBfqRih247KCvUBnqJk0U0OTzDTJCGUo+BA+g1tduxO3voBLF76HaStiW38I/PznHM7JF8SMKu04H1Zmbn5hcSm7nFtZXVvfsDe3aipKJCZVHLFINgKkCKOCVDXVjDRiSRAPGKkH3fKwXr8jUtFIXOt+THyOOoKGFCNtopa944nk3Aslwm7xGHq9BLXhhSdIDzotO+8UnJHgr3GnTb50slf+Ku7fVFr2p9eOcMKJ0JghpZquE2s/RVJTzMgg5yWKxAh3UYc0jRWIE+Wnoz8M4KFJ2jCMpHlCw1H6dyJFXKk+D0wnR/pWTdeG4X+1ZqLDMz+lIk40EXi8KEwY1BEcAoFtKgnWrG8MwpKaWyG+RQaINtgmtgR8YJjMEJg1tWLBdQrulYFTAmNlwS44AEfABaegBC5BBVQBBvfgETyBZ+vBerFerbdxa8b6mdkGE7LevwEVb58m</latexit><latexit sha1_base64="g5ZCbS7cfVZ0A8hYUJRlmihNqDE=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFcCEl041uhKIblxXsBTpDyWQybWiSmSYZoZSCD+EzuNW1O3HrC7j0TUwviG39IfDzn3M4J1+YcqYNQl9ObmV1bX0jv1nY2t7Z3XP3D+o6yRShNZLwRDVDrClnktYMM5w2U0WxCDlthL2bcb3xQJVmibw3g5QGAnckixnBxkZt98iX2ZUfK0y88jn0+xmO4LUvaR+itltEJTQR/DXeoimCmapt99uPEpIJKg3hWOuWh1ITDLEyjHA6KviZpikmPdyhLWslFlQHw8kfRvDUJhGME2WfNHCS/p0YYqH1QIS2U2DT1Yu1cfhfrZWZ+DIYMplmhkoyXRRnHJoEjoHAiClKDB9Yg4li9lZIutgCMRbb3JZQjCyTJQLLpl4ueajk3aFipTKjkwfH4AScAQ9cgAq4BVVQAwQ8gmfwAl6dJ+fNeXc+pq05ZzZzCObkfP4Asf6cvA==</latexit>

Deviation from half filling → CF in b field



Bosonic excitations

Low-energy, long-wavelength 
excitations: fluctuations of the shape of 
the Fermi surface

pF (t,x, ✓) = p0F +
1X

n=�1
un(t,x) e

�in✓.

2

θ

p

p

x

y

pF(θ)

FIG. 1. A deformed Fermi surface.

state, the composite fermions live in a magnetic field
b = B/(2N + 1), e↵ectively forming an integer quantum
Hall state. We are interested in the regime of frequency
and momentum of the order of N�1 compared to the
Fermi energy and momentum. We now propose that all
low-energy excitations can be viewed as deformations of
the Fermi surface from the circular shape, which we pa-
rameterize by a function p

F

(t,x, ✓) that depends on time
and space and also on the direction in momentum space
✓ (p

y

/p
x

= tan ✓) (see Fig. 1). Furthermore, we decom-
pose the perturbation into di↵erent angular momentum
channels:

p
F

(t,x, ✓) = p0
F

+ u(t,x, ✓) = p0
F

+
1X

n=�1
u
n

(t,x) e�in✓.

(1)
In the language of Landau’s Fermi liquid theory, the state
parameterized by p

F

(t,x, ✓) corresponds to a distribution
function np(t,x) which is one inside the Fermi line and
zero outside the line.

We now derive the commutation relation between the
u
n

s with the following prescription. If we define an op-
erator F (and similarly G) as

F =

Z
dx dp

(2⇡)2
F (x,p)np(x), (2)

where np(x) is the quasiparticle distribution function,
then we need to impose the condition on the commuta-
tion relation so that

[F, G] = �i

Z
dx dp

(2⇡)2
{F, G}(x,p)np(x), (3)

where the {F, G} is the classical Poisson bracket between
F and G,

{F, G} =
@F

@p
i

@G

@x
i

� @G

@p
i

@F

@x
i

� b✏ij
@F

@p
i

@G

@p
j

, (4)

where we have allowed the composite fermions to be in
an external magnetic field b. For Jain’s sequences b =
±B/(2N + 1). Restricting np to be of the form of the
step function (1 inside the Fermi line and 0 outside), F ,

G, and the right-hand side of Eq. (3) become functionals
of the shape of the Fermi surface, and one can easily
derive the commutator of the small perturbations u:

[u(x, ✓), u(x0, ✓0)] =
i(2⇡)2

p
F

✓
�n

i

(✓)
@

@x
i

+
b

p
F

@

@✓

◆

[�(x� x

0)�(✓ � ✓0)] +O(u), (5)

where n(✓) = (cos ✓, sin ✓). In terms of u
n

, the formula
reads

[u
m

(q), u
n

(q0)] =
⇡

p
F


2bm

p
F

�
m+n,0 + �

m+n,1q+

+ �
m+n,�1q�

�
(2⇡)2�(q+ q

0) +O(u), (6)

where q± = q
x

±iq
y

. This commutation relation has been
previously derived in Ref. [18] by extending Tomonaga’s
bosonization method to higher dimensions. Note that
the algebra depends only on the size of the Fermi surface
p
F

but not on any dynamic properties (Fermi velocity,
Landau’s parameters etc.).
Gauging the Fermi surface.—The composite fermion

is coupled to a dynamical gauge field. A Fermi surface
coupled to a gauge field is a long-standing theoretical
problem, and the bosonized language allows us to partly
address it.
In the bosonic description, the temporal component

of the gauge field a0 is coupled to u0, and the spatial
components are coupled to u±1. In the Dirac composite
fermion theory, the leading term in action for a

µ

is the
Maxwell term. If the dynamical gauge field is at infinitely
strong coupling, then the constraints u0 = u±1 = 0 arise
as the result of the equations of motion �S/�a

µ

= 0. The
assumption of strong gauge coupling should become bet-
ter and better in the limit N ! 1. This is due to two
reasons. First, the coupling of the composite fermions
to the gauge field is set at the Fermi energy ✏

F

and mo-
mentum p

F

, while the scales of interest for our problem
are ✏

F

/N and p
F

/N . This gauge coupling is relevant
for contact and marginal for Coulomb interactions. Sec-
ond, at these low energies the Fermi surface is e↵ectively
O(N) fermionic species (corresponding to O(N) patches
on the Fermi surface in the renormalization group treat-
ment [22, 23]), boosting the ’t Hooft coupling by an ad-
ditional factor of N . (The argument is more complicated
in the case of the HLR theory with a Chern-Simons term
in the action for a

µ

, but the conclusion is the same).
Hamiltonian and equation of motion.—Assuming the

composite fermions form a Fermi liquid with Landau’s
parameters F

n

, the Hamiltonian of the system is

H =
v
F

p
F

4⇡

Z
dx

1X

n=�1
(1 + F

n

)u
n

(x)u�n

(x), (7)

where F
n

are the Landau parameters. In the case of
a marginal Fermi liquid, we may understand by F

n

the

One scalar field per spin

At low momenta we can limit ourselves to a few lowest modes

q`B ⌧ 1/N ⌫ =
N

2N + 1
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(length >> CF semiclassical orbit)



Nematic hydrodynamics
• Degrees of freedom:

• density

• momentum density

• effective metric 
Z

dp

(2⇡)2
pipjf(x,p) =

⇡i⇡j

n
+ ⇡n(x)Gij(x)
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⇡i(x) =

Z
dp

(2⇡)2
pif(x,p)
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n(x) =

Z
dp

(2⇡)2
f(x,p)
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p
detG = n
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Poisson brackets

{Gij(x), Gkl(y)} = �1

s
("ikGjk + "ilGjk + "jkGil + "jlGik)�(x� y)
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s can be determined from the Hall viscosity

= average “orbital spin” of composite fermion

n = 0
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then one can identify

s = ±1

2

✓
N +

1

2

◆
, (53)

where the upper and lower signs correspond to ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N +

1), respectively. The replacement can also be justified by the following argument: up to

terms containing second derivatives of Gij, the prefactor is ⌦/n, which in the chiral metric

hydrodynamics is conserved and determined completely by the initial condition. Provided

that at infinite past the system is in the ground state, ⌦/n is then equal to hbi/n. Note

that our semiclassical prescription for computing the Poisson bracket, Eqs. (48) and (49),

cannot in principle yield terms with second derivatives; one may hope a more sophisticated

treatment will reveal their existence. In any case, for the calculation of linear response, the

replacement (52) can always be made.

One may be concerned that the parameter s in Eq (53), which has been previously

identified with the orbital spin per particle, is neither integer nor half-integer. This is not a

problem, as s is the average orbital angular momentum per particle. This suggests another

way to determine s. Recall that in the composite fermion picture, the ⌫ = N/(2N +1) state

has the composite fermions filling up N + 1
2 Landau levels: half of the zero-energy Landau

level (n = 0) and the positive-energy levels with quantum numbers n = 1, 2, . . . , N . Now

the orbital spin of a particle on the n-th Landau level is n, so the average orbital spin is

s =
1

N + 1
2

✓
1

2
· 0 + 1 + 2 + · · ·+N

◆
=

N(N + 1)

2N + 1
. (54)

For the ⌫ = (N + 1)/(2N + 1) state, s flips sign. The value in Eq. (54) does not coincides

with that in Eq. (53), but the relative di↵erence is of order 1/N2 at large N . This discrep-

ancy is should be attributed to the imperfectness of the semiclassical procedure (48). We

thus conjecture that (54) represents the exact value of the parameter s and use it in later

calculations. Note that even for N = 1 the values of the s in Eqs. (53) and (54) di↵er from

each other only by a factor of 9/8.

From Eq. (30) and (54) one can find the odd viscosity of the Hall fluid,

⌘H = ±N(N + 1)

2N + 1

B

8⇡
. (55)

This should be compared with the expectation: ⌘H = 1
4⇢e(S � 1) where S is the shift, and

S � 1 is the part of the shift associated with the guiding centers. Equation (55) exactly

matches this expectation, given that S = N + 2 for ⌫ = N/(2N + 1) and S = �N + 1 for

⌫ = (N + 1)/(2N + 1).

C. Equations of motion of chiral metric hydrodynamics of fractional quantum Hall

states

We now derive the relevant formulas for the metric hydrodynamics of the composite

fermions. Due to the dipolar interaction of the composite fermion with the external electric

{pi, pj} = �✏ijb
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ṅ+ @i(nv
i) = 0

<latexit sha1_base64="opwa2d7QyS0TNml10lKcHXPzlf8=">AAACFnicbVDNSwJBHP2tfZl9WR2DGJTAEGS3S10CqUtHg9TA3ZbZcdTB2dllZlaQxVt/RMfOXevcLbp27dh/0qgRqT0YeLz3+5oXxJwpbdufVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pG8DbCinAla10xzehtLisOA02bQvxz7zQGVikXiRg9j6oW4K1iHEayN5OcP3XakkUBl5MZYaoa5z1BJDO7YMTpHtp8v2hV7AvRLnHlSrBbc8iMA1Pz8lxlIkpAKTThWquXYsfbS8WjC6SjnJorGmPRxl7YMFTikyksn/xihI6O0USeS5gmNJurfjhSHSg3DwFSGWPfUvDcW//Naie6ceSkTcaKpINNFnYQjHaFxKKjNJCWaDw3BRDJzKyI9LDHRJrqZLUE4MpksJLBIGicVx6441yacC5giCwdQgBI4cApVuIIa1IHAPTzBM7xYD9ar9Wa9T0sz1k/PPszA+vgGHdSfaQ==</latexit><latexit sha1_base64="zSH9wB+MmULPvaMhvDFw49Kr2BE=">AAACFnicbVDNS8MwHE3n15xfVY+ChA1hMhitF70IQy8eJ7gPWGtJs3QLS9OSpINSdvNP8ODf4FXP3sSr1x39T8w2Ebf5IPB47/eV58eMSmVZYyO3srq2vpHfLGxt7+zumfsHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g+uJ3xoSIWnE71QaEzdEPU4DipHSkmceO91IQQ4r0ImRUBQxj8IyH97TU3gJLc8sWVVrCvhL7EVSqhWdyuO4ltY980sPxElIuMIMSdmxrVi52WQ0ZmRUcBJJYoQHqEc6mnIUEulm03+M4IlWujCIhH5cwan6tyNDoZRp6OvKEKm+XPQm4n9eJ1HBhZtRHieKcDxbFCQMqghOQoFdKghWLNUEYUH1rRD3kUBY6ejmtvjhSGeylMAyaZ5Vbatq3+pwrsAMeXAEiqAMbHAOauAG1EEDYPAAnsELeDWejDfj3fiYleaMn55DMAfj8xs+GKDv</latexit><latexit sha1_base64="zSH9wB+MmULPvaMhvDFw49Kr2BE=">AAACFnicbVDNS8MwHE3n15xfVY+ChA1hMhitF70IQy8eJ7gPWGtJs3QLS9OSpINSdvNP8ODf4FXP3sSr1x39T8w2Ebf5IPB47/eV58eMSmVZYyO3srq2vpHfLGxt7+zumfsHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g+uJ3xoSIWnE71QaEzdEPU4DipHSkmceO91IQQ4r0ImRUBQxj8IyH97TU3gJLc8sWVVrCvhL7EVSqhWdyuO4ltY980sPxElIuMIMSdmxrVi52WQ0ZmRUcBJJYoQHqEc6mnIUEulm03+M4IlWujCIhH5cwan6tyNDoZRp6OvKEKm+XPQm4n9eJ1HBhZtRHieKcDxbFCQMqghOQoFdKghWLNUEYUH1rRD3kUBY6ejmtvjhSGeylMAyaZ5Vbatq3+pwrsAMeXAEiqAMbHAOauAG1EEDYPAAnsELeDWejDfj3fiYleaMn55DMAfj8xs+GKDv</latexit><latexit sha1_base64="kIgrG6X0C1fbhJsfNeBMJqHoxA0=">AAACFnicbVBLSwMxGMzWV62vVY+CBItQEUrWi16EohePFWwttOuSTdM2NMkuSbZQlt78Ef4Gr3r2Jl69evSfmG2L2NaBwDDzvTJhzJk2CH05uaXlldW1/HphY3Nre8fd3avrKFGE1kjEI9UIsaacSVozzHDaiBXFIuT0PuxfZ/79gCrNInlnhjH1Be5K1mEEGysF7mGrHRko4SlsxVgZhnnAYEkOHtgJvIQocIuojMaAv8SbJ0UwRTVwv+1AkggqDeFY66aHYuOn2WjC6ajQSjSNMenjLm1aKrGg2k/H/xjBY6u0YSdS9kkDx+rfjhQLrYcitJUCm56e9zLxP6+ZmM6FnzIZJ4ZKMlnUSTg0EcxCgW2mKDF8aAkmitlbIelhhYmx0c1sCcXIZrKQwCKpn5U9VPZuUbFyNU0nDw7AESgBD5yDCrgBVVADBDyCZ/ACXp0n5815dz4mpTln2rMPZuB8/gD0P53g</latexit>
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CF dipole moment



Prescription for response

• Find a solution to the hydrodynamic equations 
which satisfy the constraints:

• Read out electron density and current
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GMP algebra

{⇡i(x), ⇡j(y)} = [⇡j(x)@i + ⇡i(y)@j � "ijbn]�(x� y)
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long-distance version of the GMP algebra

CF theory “knows” about LLL projection

Girvin, MacDonald, Platzman 1986



Kelvin’s circulation theorem

engineering.stackexchange.com

1869



• In ideal hydrodynamics there is an infinite number 
of conserved quantities

• Property of Poisson algebra, not of Hamiltonian: IF 
commutes with all hydrodynamic variables

6

where ⌧ ij = n�ij and

Vij = @ivj + @jvi � �ijr · v. (24)

Note that in the equation for momentum conservation ⌧ ij plays the role of an anisotropic

stress.

B. The high- and low-frequency regimes

Ignoring for a moment the Vij term, if one introduces the “Lamé coe�cient” µ̃ so that

⌧ ij = µ̃Qij, the equation for Qij

@tQij =
µ̃

ns
(✏ikQkj + ✏jkQki), (25)

means that the metric tensor rotates in the space (Qxx, Qxy) with angular velocity

!Q =
2µ̃

ns
. (26)

If the upper range of validity of our hydrodynamic theory is much larger than !Q, then

one can talk about the high-frequency (! � !Q) and low-frequency (! ⌧ !Q) regimes. In

the former regime Eq. (23) becomes @tQij + Vij = 0, which can be solved in terms of the

displacement ui, defined so that vi = u̇i:

Qij = �(@iuj + @jui � �ij@kuk), (27)

and Eq. (22) becomes the equation of motion of an elastic medium with µ̃ being a Young

modulus.

In the low-frequency regime ! ⌧ !Q, Eq. (23) reduces to the balance of the last two

terms:

� 1

sn
(✏ik⌧kj + ✏jk⌧ki) + Vij = 0, (28)

whose solution is

⌧ ij = �sn

4
(✏ikVkj + ✏jkVik) . (29)

But ⌧ ij appears as a contribution to the stress tensor in momentum conservation (22). This

means the fluid has a nonzero odd (or Hall) viscosity equal to

⌘H =
sn

2
. (30)

Following Ref. [4], s can then be identified with the average orbital spin per particle.

C. The Kelvin circulation theorem in chiral metric hydrodynamics

In ordinary ideal hydrodynamics, there exists an infinite number of conserved quantities

IF =

Z
dxn(x)F
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Kelvin’s circulation theorem

• In the presence of magnetic field and metric 
degree of freedom, what is conserved is

• zero PB with other hydro variables

b+ ! +
s

2

p
GR[G]
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field, the Hamiltonian of the composite fermion fluid contains a term which can be viewed

as a source term for the momentum density

H = H0[n, ⇡i, Gij, b] +

Z
dx

�
�a0(x)n(x) + V i(x)⇡i(x)

�
, (56)

where V i = ✏ijEj/B is the drift velocity created by the external electric field. This Hamilto-

nian transforms correctly under Galilean boosts. The lowest Landau level limit is the limit

of massless electrons, so the total momentum P is invariant under Galilean boosts, while

the total energy should transform as

H ! H � � ·P, (57)

when going from a frame K to a frame K 0 moving with velocity � with respect to K.

This is exactly what happens with the Hamiltonian (56): under boosts all variables remain

invariant except for the external electric field which transforms as E ! E+�⇥B, implying

V i ! V i � �i and (57).

In the Dirac composite fermion theory, the dynamical gauge field aµ appears in the action

as Lagrange multipliers enforcing constraints of the form

n� B

4⇡
= 0, (58a)

nvi � ✏ij@j
�H0

�b
= 0. (58b)

The equations for the hydrodynamic variables coincide with those of metric hydrodynam-

ics in an electromagnetic field with [Eqs. (17a), (17c), and (37)], but with the replacement

vi ! ⌫i = vi + V i.

@tn+ @i(n⌫
i) = 0, ⌫i = vi +

✏ijEj

B
, (59)

@t⇡i + n@iµ+ ⇡j@i⌫
j + @j(⌫

j⇡i) + @j(�
jkGki)�

1

2
�jk@iGjk = nei + n✏ij⌫

jb, (60)

@tGij +£⌫Gij �
1

s
(✏ikGjl + ✏jkGil)�

kl = 0. (61)

The problem of finding the response of the quantum Hall fluid to external electromagnetic

perturbation reduces to the finding the solution to the hydrodynamic equations and the con-

straint equations in the background E and B fields. [Note that, due to the constraints (58),

Eq. (59) is satisfied automatically.]

After the solution has been found, the electron density should be read from

⇢e =
�S

�A0
=

B � b

4⇡
� ✏ij@i

⇣⇡j

B

⌘
. (62)

By using the constraint (58a), this expression can be rewritten as

⇢e =
1

4⇡
(B � b� !), (63)

dipole ~r · ~d
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where ! is the vorticity defined in Eq. (32). One can also compute the electron current

density from jie = �S/�Ai, but the formulas are somewhat cumbersome and will not be

presented here.

Two remarks on the electron density are in order. First, one can easily check that

the Poisson bracket between the electron density (63) at two di↵erent points can be again

expressed in terms of the electron density:

{⇢e(x), ⇢e(y)} = � 1

8⇡2n
✏ij@i⇢e(x)@j�(x� y). (64)

This is the long-wavelength version of the Girvin-MacDonald-Platzman algebra [6]. The

dipole contribution to the electron density encodes a nontrivial aspect of the physics of the

lowest Landau level [27, 28].

Second, using Eqs. (58) and (38), one can rewrite the electron density as

⇢e =
B � ⌦

4⇡
+

s

8⇡

p
GR[G]. (65)

If we consider a problem in which a fractional quantum Hall ground state is perturbed by

an external field, then ⌦ can be determined by its value at t = �1, which is hbi. In this

case the perturbation of the electron density from the average value (B � hbi)/(4⇡) is given
by the curvature of the dynamical metric,

�⇢e =
s

8⇡

p
GR[G]. (66)

Since the Poisson bracket of ⌦ with any field is either zero or proportional to ⌦ itself, the

Gaussian curvature density also satisfies the long-wavelength Girvin-MacDonald-Platzman

algebra [7]. The identification of the Gaussian curvature density with the electron density

was part of Haldane’s proposal [8] and the bimetric theory [7]. Equation (66) will play an

important role in the later calculation of the static structure factor.

D. Illustrative calculation of the density response

We demonstrate the working of the procedure on an example of a model, where the

Hamiltonian has the quadratic form

H =

Z
dx


⇡2

2m⇤n0
+

�

2
(�n)2 +

µ̃

4
Q2

ij

�
, (67)

which, for the simplicity, is assumed to be independent of b. In this case the constraints (58)

become

n =
B

4⇡
, vi = 0, (68)

and the linearized hydrodynamic equations

µ̃@jQ
ij = nei + n✏ijV

jb, (69)

@tQij + @iVj + @jVi � �ij@kVk �
µ̃

sn
(✏ikQkj + ✏jkQki) = 0. (70)
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where ! is the vorticity defined in Eq. (32). One can also compute the electron current

density from jie = �S/�Ai, but the formulas are somewhat cumbersome and will not be

presented here.

Two remarks on the electron density are in order. First, one can easily check that

the Poisson bracket between the electron density (63) at two di↵erent points can be again

expressed in terms of the electron density:

{⇢e(x), ⇢e(y)} = � 1

8⇡2n
✏ij@i⇢e(x)@j�(x� y). (64)

This is the long-wavelength version of the Girvin-MacDonald-Platzman algebra [6]. The

dipole contribution to the electron density encodes a nontrivial aspect of the physics of the

lowest Landau level [27, 28].

Second, using Eqs. (58) and (38), one can rewrite the electron density as

⇢e =
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4⇡
+

s

8⇡

p
GR[G]. (65)

If we consider a problem in which a fractional quantum Hall ground state is perturbed by

an external field, then ⌦ can be determined by its value at t = �1, which is hbi. In this

case the perturbation of the electron density from the average value (B � hbi)/(4⇡) is given
by the curvature of the dynamical metric,

�⇢e =
s

8⇡

p
GR[G]. (66)

Since the Poisson bracket of ⌦ with any field is either zero or proportional to ⌦ itself, the

Gaussian curvature density also satisfies the long-wavelength Girvin-MacDonald-Platzman

algebra [7]. The identification of the Gaussian curvature density with the electron density

was part of Haldane’s proposal [8] and the bimetric theory [7]. Equation (66) will play an

important role in the later calculation of the static structure factor.

D. Illustrative calculation of the density response

We demonstrate the working of the procedure on an example of a model, where the

Hamiltonian has the quadratic form

H =

Z
dx


⇡2

2m⇤n0
+

�

2
(�n)2 +

µ̃

4
Q2

ij

�
, (67)

which, for the simplicity, is assumed to be independent of b. In this case the constraints (58)

become

n =
B

4⇡
, vi = 0, (68)

and the linearized hydrodynamic equations

µ̃@jQ
ij = nei + n✏ijV

jb, (69)

@tQij + @iVj + @jVi � �ij@kVk �
µ̃

sn
(✏ikQkj + ✏jkQki) = 0. (70)



An immediate consequence

�⇢e =
s

8⇡

p
GR[G]
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• Since R ~ ∂∂G:  density-density correlation functions 
~ q4

• The static structure factor is independent of H

Gij = �ij + hij
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)
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[hz̄z̄(x, hzz(y)] =
1

s
�(x� y)
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the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find
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[hz̄z̄(x, hzz(y)] =
1

s
�(x� y)
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)



• Since R ~ ∂∂G:  density-density correlation functions 
~ q4

• The static structure factor is independent of H

a
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[hz̄z̄(x, hzz(y)] =
1

s
�(x� y)
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)



• Since R ~ ∂∂G:  density-density correlation functions 
~ q4

• The static structure factor is independent of H

a
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�⇢el ⇠ @2
zhz̄z̄ + @2

z̄hzz
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should be good for large N
for N=1 (nu=1/3, 2/3):  reproduces exact value from Laughlin wf

Gij = �ij + hij
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[hz̄z̄(x, hzz(y)] =
1

s
�(x� y)
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)



• Since R ~ ∂∂G:  density-density correlation functions 
~ q4

• The static structure factor is independent of H

a
<latexit sha1_base64="oboyzemSzDfF81rLRzfvOR6yipM=">AAAB93icdZA9SwNBEIbn4leMX1FLm8UgWIU7G23EoI1lAuYDkiPsbeaSJXt7x+6ecISAva3WdmLrr/A3WPpP3CQKSdAXFh7ed4aZnSARXBvX/XRyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4c0kb96j0jyWdyZL0I9oX/KQM2qsVaPdYskru1MR9xe8ZShdfRQuHwCg2i1+dXoxSyOUhgmqddtzE+OPqDKcCRwXOqnGhLIh7WPboqQRan80XXRMTqzTI2Gs7JOGTN35jhGNtM6iwFZG1Az0cjYx/8raqQkv/BGXSWpQstmgMBXExGTya9LjCpkRmQXKFLe7EjagijJjb7MwJYjG8zf5HxpnZc8tezW3VLmGmfJwBMdwCh6cQwVuoQp1YIDwCE/w7GTOi/PqvM1Kc85PzyEsyHn/BvMblUY=</latexit><latexit sha1_base64="XNwveYBfVS5hGh0ygcly7yfUafE=">AAAB93icdZDLSgMxFIYzXut4q7p0EyyCqzLjRjdi0Y3LFuwF2qFk0jNtaJIZkowwDH0Ct7p2IYhbn8JHEJe+iWmr0Bb9IfDx/+dwTk6YcKaN5306S8srq2vrhQ13c2t7Z7e4t9/Qcaoo1GnMY9UKiQbOJNQNMxxaiQIiQg7NcHg9zpt3oDSL5a3JEggE6UsWMUqMtWqkWyz5ZW8i7P2Cvwily3f3Inn+cKvd4lenF9NUgDSUE63bvpeYICfKMMph5HZSDQmhQ9KHtkVJBOggnyw6wsfW6eEoVvZJgyfubEdOhNaZCG2lIGagF7Ox+VfWTk10HuRMJqkBSaeDopRjE+Pxr3GPKaCGZxYIVczuiumAKEKNvc3clFCMZm/yPzROy75X9mteqXKFpiqgQ3SETpCPzlAF3aAqqiOKAN2jB/ToZM6T8+K8TkuXnJ+eAzQn5+0b+naWug==</latexit><latexit sha1_base64="XNwveYBfVS5hGh0ygcly7yfUafE=">AAAB93icdZDLSgMxFIYzXut4q7p0EyyCqzLjRjdi0Y3LFuwF2qFk0jNtaJIZkowwDH0Ct7p2IYhbn8JHEJe+iWmr0Bb9IfDx/+dwTk6YcKaN5306S8srq2vrhQ13c2t7Z7e4t9/Qcaoo1GnMY9UKiQbOJNQNMxxaiQIiQg7NcHg9zpt3oDSL5a3JEggE6UsWMUqMtWqkWyz5ZW8i7P2Cvwily3f3Inn+cKvd4lenF9NUgDSUE63bvpeYICfKMMph5HZSDQmhQ9KHtkVJBOggnyw6wsfW6eEoVvZJgyfubEdOhNaZCG2lIGagF7Ox+VfWTk10HuRMJqkBSaeDopRjE+Pxr3GPKaCGZxYIVczuiumAKEKNvc3clFCMZm/yPzROy75X9mteqXKFpiqgQ3SETpCPzlAF3aAqqiOKAN2jB/ToZM6T8+K8TkuXnJ+eAzQn5+0b+naWug==</latexit><latexit sha1_base64="8dxkaSjUzicdi53Fb/K5ulyuNRk=">AAAB93icdVDLSgNBEOyNrxhfUY9eBoPgKex60WPQi8cEzAOSJcxOOsmQmdllZlZYlnyBVz17E69+jkf/xMlDMEELGoqqbrq7okRwY33/0ytsbG5t7xR3S3v7B4dH5eOTlolTzbDJYhHrTkQNCq6wabkV2Ek0UhkJbEeTu5nffkRteKwebJZgKOlI8SFn1DqpQfvlSlD15yD+DwnWSQWWqPfLX71BzFKJyjJBjekGfmLDnGrLmcBpqZcaTCib0BF2HVVUognz+aFTcuGUARnG2pWyZK7+nsipNCaTkeuU1I7NujcT//K6qR3ehDlXSWpRscWiYSqIjcnsazLgGpkVmSOUae5uJWxMNWXWZbOyJZLT35n8T1pX1cCvBg2/UrtdplOEMziHSwjgGmpwD3VoAgOEJ3iGFy/zXr03733RWvCWM6ewAu/jG2jgk3k=</latexit>

a†
<latexit sha1_base64="+eS0ip8IpUikL6ITFd+pK10qctY=">AAAB/3icdZDLSgMxFIbP1Futt6pLN8EiuCozbnQjFt24rGAv0taSyWSmoUlmSDJCGQr6DG517U7c+gQ+g0vfxLRVaIv+EPj4/3M4J8dPONPGdT+d3MLi0vJKfrWwtr6xuVXc3qnrOFWE1kjMY9X0saacSVozzHDaTBTFwue04fcvRnnjjirNYnltBgntCBxJFjKCjbVu8G07wFFEVbdY8sruWMj9BW8eSmcfhdN7AKh2i1/tICapoNIQjrVueW5iOhlWhhFOh4V2qmmCSR9HtGVRYkF1JxsvPEQH1glQGCv7pEFjd7ojw0LrgfBtpcCmp+ezkflX1kpNeNLJmExSQyWZDApTjkyMRr9HAVOUGD6wgIlidldEelhhYuyNZqb4Yjh9k/+hflT23LJ35ZYq5zBRHvZgHw7Bg2OowCVUoQYEBDzCEzw7D86L8+q8TUpzzk/PLszIef8GGqKYug==</latexit><latexit sha1_base64="zfnglPDjbDpheh+xfCd32JcXvtY=">AAAB/3icdZC7SgNBFIZnvcb1FrW0WQyCVdi10UYM2lhGMBdJ1jA7e3YzZGZ2mZkVwpLCZ7DVysJObH0CH0EsfRMniUIS9IeBj/8/h3PmBCmjSrvupzU3v7C4tFxYsVfX1jc2i1vbdZVkkkCNJCyRzQArYFRATVPNoJlKwDxg0Ah658O8cQtS0URc6X4KPsexoBElWBvrGt+0QxzHIDvFkld2R3LcX/BmoXT6bp+kTx92tVP8aocJyTgITRhWquW5qfZzLDUlDAZ2O1OQYtLDMbQMCsxB+flo4YGzb5zQiRJpntDOyJ3syDFXqs8DU8mx7qrZbGj+lbUyHR37ORVppkGQ8aAoY45OnOHvnZBKIJr1DWAiqdnVIV0sMdHmRlNTAj6YvMn/UD8se27Zu3RLlTM0VgHtoj10gDx0hCroAlVRDRHE0T16QI/WnfVsvViv49I566dnB03JevsGIf2aLg==</latexit><latexit sha1_base64="zfnglPDjbDpheh+xfCd32JcXvtY=">AAAB/3icdZC7SgNBFIZnvcb1FrW0WQyCVdi10UYM2lhGMBdJ1jA7e3YzZGZ2mZkVwpLCZ7DVysJObH0CH0EsfRMniUIS9IeBj/8/h3PmBCmjSrvupzU3v7C4tFxYsVfX1jc2i1vbdZVkkkCNJCyRzQArYFRATVPNoJlKwDxg0Ah658O8cQtS0URc6X4KPsexoBElWBvrGt+0QxzHIDvFkld2R3LcX/BmoXT6bp+kTx92tVP8aocJyTgITRhWquW5qfZzLDUlDAZ2O1OQYtLDMbQMCsxB+flo4YGzb5zQiRJpntDOyJ3syDFXqs8DU8mx7qrZbGj+lbUyHR37ORVppkGQ8aAoY45OnOHvnZBKIJr1DWAiqdnVIV0sMdHmRlNTAj6YvMn/UD8se27Zu3RLlTM0VgHtoj10gDx0hCroAlVRDRHE0T16QI/WnfVsvViv49I566dnB03JevsGIf2aLg==</latexit><latexit sha1_base64="doKRrUedAh3mPBJp+3ooSWB4YpI=">AAAB/3icdVA9SwNBEJ3zM8avqKXNYRCswp2NlkEbywjmQ5IY5vb2Lkt2947dPSEcKfwNtlrbia0/xdJ/4uZDSII+GHi8N8PMvCDlTBvP+3JWVtfWNzYLW8Xtnd29/dLBYUMnmSK0ThKeqFaAmnImad0ww2krVRRFwGkzGFyP/eYjVZol8s4MU9oVGEsWMYLGSvf40Akxjqnqlcp+xZvA9X6Jv0zKMEOtV/ruhAnJBJWGcNS67Xup6eaoDCOcjoqdTNMUyQBj2rZUoqC6m08OHrmnVgndKFG2pHEn6vxEjkLroQhsp0DT18veWPzLa2cmuuzmTKaZoZJMF0UZd03ijr93Q6YoMXxoCRLF7K0u6aNCYmxGC1sCMZrP5H/SOK/4XsW/9crVq1k6BTiGEzgDHy6gCjdQgzoQEPAML/DqPDlvzrvzMW1dcWYzR7AA5/MHkFiW7Q==</latexit>

�⇢el ⇠ @2
zhz̄z̄ + @2

z̄hzz
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should be good for large N
for N=1 (nu=1/3, 2/3):  reproduces exact value from Laughlin wf

(HLR: 1/2 or 2 times Laughlin’s value)

Gij = �ij + hij
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[hz̄z̄(x, hzz(y)] =
1

s
�(x� y)
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)



Low-q magnetoroton

• The magnetoroton at small momenta is then the 
excitation of the “dynamical metric” Gij

• spin 2 directed opposite to magnetic field for  
ν=N/(2N+1), along magnetic field for ν=(N+1)/
(2N+1)

• spin in principle detectable by polarized Raman 
scattering

• (distinguishes Pfaffian and anti-Pfaffian)



• The calculation can be extended to nu=1/4 where 
there is no symmetry arguments fixing the Berry 
phase Fradkin, Goldman; Chong Wang, Senthil; Jie Wang 

• allow one to read out the Berry phase from the 
static structure factor on Jain states near 1/4  
(Dung X. Nguyen, DTS to appear)



Static structure factor
• Equal time density-density correlation function

s(q) =
1

⇢0

Z
dx e�iq·xh⇢(t,x)⇢(t,0)i
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if restricted to LLL states: “projected static structure factor”

s̄(q) = s(q)� (1� e�q2/2)
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Can be read out from the wave function 

For gapped states at small q

s̄(q) = s̄4(q`B)
4 +O(q6)
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Berry phase

Putting N=1 and using Laughlin wavefuncitons ' = ⇡
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Conclusion

• Low-q regime of FQH liquid: described by a fluid 
with internal metric degree of freedom, coupled to 
a gauge field

• Electron density ~ curvature of dynamic metric

• Static structure factor: algebraic calculation



End of part 2


